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il Preface

I first became enamoured of the Fels and Olver formulation of the
moving frames theory when it helped me solve a problem I had been
thinking about for several years. I set about reading their two, fifty page
papers, and made a twenty page handwritten glossary of definitions. I
was lucky in that I was able to ask Peter Olver many questions and am
eternally grateful for the answers.

I set about solving the problems that interested me, and realised there
was so many of them that I could write a book. I also wanted to share
my amazement at just how powerful the methods were, and at the es-
sential simplicity of the central idea. What I have tried to achieve in
this book is an example, exercise and explanation rich discussion that
is largely accessible to a graduate student, although some access to a
professional mathematician will be required for some parts. I was ex-
tremely fortunate to have six students read through various drafts from
the very beginning. The comments and hints they needed have been
incorporated, and I have not hesitated to put in a discussion, example,
exercise or hint that might be superfluous to a professional.

There is a fair amount of original material in this book. Even though
some of the problems addressed here have been solved using moving
frames already, I have reproved some results to keep both solution meth-
ods and proofs within the domain of the mathematics developed here.
I love coming up with simpler solutions. In particular, the variational
methods developed in Chapter 8 are my own. The Theorem on moving
frames and Noether’s Theorem, which was discovered and proved with
Tania Gongalves, particularly pleases me. The application of moving
frames to the solution of invariant ordinary differential equations is also
new. I was particularly chuffed to solve the Chazy equation using rel-
atively simple calculations, see Chapter 7. The Theorem 6.2.4 allowing
one to write down the curvature matrices in terms of a matrix repre-
sentation of the frame was published earlier in (Mansfield and van der
Kamp, 2006), and there are some fun exercises giving new applications.
Finally some minor (and not so minor) errors in the original papers have
been corrected.

The natural setting of the problems that interested me, did not fit
well with the language of differential geometry in which all discussions of
moving frames were couched, so I set about casting the calculations into
ordinary undergraduate calculus in order to explain it in my papers and
then to teach it to my students. It was clear that a major benefit of Fels
and Olver’s formulation of the central concept was that it actually freed
the moving frame method from the confines of differential geometry; that
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it could apply equally well to differential difference problems, to discrete
problems, to all kinds of numerical approximations and so on. In any
event, there are serious problems with that language as an expository
toolf. Thus when I decided to write up my notes into a book, I was
clear in my own mind that I was not going to use the exterior calculus as
the primary expository language. Nevertheless, it is important to have
available coordinate free expressions if we are not to suffer “death by
indices”. What I wanted was a language that offered concrete models
of objects like smooth functions, vectors and vector fields, capable of
use in both finite and infinite dimensional spaces, that was linked in an
open, explicit and well defined way to multi variable calculus, and where
there was a good literature where the central significant theorems were
proved properly. The language I needed, and use, is that of Differential
Topology. I learned this subject twice, first at the University of Sydney
in lectures given by M.J. Field, and then at the University of Wisconsin,
Madison, in a year long course given by Dennis Stowe. I am extremely
grateful to them both. The notation and language that I use in this
book is what they both independently taught me, and which has stood
me in good stead my whole career.

A huge contribution to the theory of moving frames, as they can be
studied rigorously in a symbolic computation environment, has been by
Evelyne Hubert. One of the main benefits of the Fels and Olver for-
mulation of moving frames is that much of the calculation can be done
symbolically in a computer algebra environment. The fact that one can
have a symbolic calculus of invariants, without actually solving for the
frame, is what turns this theory from the merely beautiful to the both
beautiful and useful; this is the hallmark of the best mathematics. From
the point of view of rigorous symbolic computation, though, there were
problems, in particular with the need to invoke the implicit function
theorem because this is a non constructive step. Evelyne Hubert and
Irina Kogan (Hubert and Kogan, 2007a) provide algebraic foundations
to the moving frame method for the construction of local invariants and
present a parallel algebraic construction that produces algebraic invari-
ants together with the relations they satisfy. They then show that the
algebraic setting offers a computational solution to the original differen-
tial geometric construction.

A second problem solved by Evelyne Hubert was the lack of a theory
to analyse the differential systems resulting from invariantisation, since

1 Don’t get me started.
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these involve non commuting differential operators. Indeed, none of the
edifice of mathematics that had been produced to study over determined
differential systems rigorously was applicable, although an equivalent
theory was needed for the applications (Mansfield, 2001). In a beautiful
exposition, (Hubert, 2005), the web of difficulties were pulled apart, the
necessary concepts and results were lined up in order, and the required
theory was developed.

A third problem solved by Hubert was that of proving a certain small,
finite set of syzygies, or differential relations satisfied by the invariants,
generated the complete set of syzygies (Hubert, 2008). This was impor-
tant since the theorem written down by Fels and Olver turned out to be
false in general.

Finally, Hubert finds a set of generators of the algebra of differential
invariants that are not only simple to calculate but simple to conceptu-
alize (Hubert, 2009b).

To give an exposition of these papers at the level I wrote this volume
would require another volume, with a substantial expository section on
over determined systems. However, the papers are accessible and I com-
mend them to the reader.

When I started to view the material from the point of view of my
target audience; primarily people wanting to use the methods but not
having learnt (nor wanting to learn) Differential Geometry, and also
graduate students, I came to realise that the subject involves a sig-
nificant range of mathematics that could not realistically be assumed
knowledge. Brief but necessary remarks on topics from transversality
to foliations to jet bundles, and on calculations in Lie algebras and the
variational calculus, all swelled to much longer expository sections than
I anticipated. One central classical theorem for which I could not find
a decent modern exposition of the proof was Frobenius’ Theorem, so I
have outlined the proof in a series of exercises. The outline is based
on that given in lectures at the University of Wisconsin, Madison, by
Dennis Stowe, to whom I acknowledge my debt.

In writing this book I have tried to steer a course through the material
that is both honest and pragmatic. If being rigorous would have involved
too long a detour, I chose computation of examples and discussion over
rigour; it is more insightful to discuss the meaning rather than the proof
of a result when there is a good text that can be consulted for further
reading. Where I do give a proof, though, I did aim for the proof to
follow rigorously from the established base of knowledge. Interestingly,
sometimes not even the cleanest, simplest proofs reveal the inner truth:
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the full understanding of theorems can only be achieved after a range of
examples can be computed. I give many exercises, hints, and details in
my own calculations to help my readers to two levels of computational
expertise; first, to be able to correctly work simple examples that can
be done by hand or performed interactively with a computer algebra
package, and second, to be able to write a computer program to do his
or her own larger examples.

I wish to thank Peter Olver, Evelyne Hubert, Peter Hydon, who read
drafts and sent me comments. I had some great discussions with Gloria
Mari Beffa, resulting in several beautiful examples that are described in
the text. Peter van der Kamp’s insistence on in depth detail for his own
understanding of moving frames made this a much better book. Tania
Gongalves, Richard Hoddinott, Jun Zhao, Andrew Wheeler, worked
through the exercises; readers can thank them for the hints and for
amplified discussions in various places. I road tested the very first set of
notes on Emma Berry and Andrew Martin whose comments helped me
see things from my target audience’s point of view.

As ever, I wish to thank my dear husband Peter Clarkson who sup-
ported me in a million different ways when the going got tough. I have
faced and overcome some extraordinary obstacles in order to have a
mathematical career; I have my father Dr. Colin Mansfield, my PhD
thesis supervisor Dr. Edward Fackerell (Sydney), and my mentor Prof.
Arieh Iserles (Cambridge) to thank for their extraordinary timely sup-
port. Words cannot express how lucky and how grateful I feel to have
such stalwart friends and fellow travellers.
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2 Motivation

1.1 The curve completion problem

Consider the “curve completion problem”, which is a subproblem of
the much more complex “inpainting problem”. Suppose we are given a
partially obscured curve in the plane, as in the picture,

Fig. 1.1. A curve in the plane with occlusions

and we wish to fill in the parts of the curve that are missing. If the
missing bit is small, then a straight line edge can be a cost effective
solution, but this doesn’t always give an aesthetically convincing look.
Considering possible solutions to the curve completion problem,

Fig. 1.2. Which infilling is best?

we arrive at three requirements on the resulting curve,

e it should be sufficiently smooth to fool the human eye,

e if we rotate and translate the obscured curve and then fill it in, the
result should be the same as filling it in and then rotating and trans-
lating,

e it should be the “simplest possible” in some sense.
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The first requirement means that we have boundary conditions to satisfy
as well as a function space in which we are working. The second means
the formulation of the problem needs to be “equivariant” with respect
to the standard action of the Euclidean group in the plane, as in Figure
1.3:

‘ rotate .

\) rotate \

Fig. 1.3. The solution is equivariant.

This condition arises naturally: for example, if the image being repaired
is a dirty photocopy, the result should not depend on the angle at which
the original is fed into the photocopier.

All three conditions can be satisfied if we require the resulting curve
to be such as to minimise an integral which is invariant under the group
action,

/L(s,m, K, ...) ds, (1.1)

where s is arc length and « the euclidean curvature,

_Use 04 _ 1 d
(1+u2)32"  ds | /T+u2dx

K= (1.2)
and ds = /1 + u2 dz.

The theory of the Calculus of Variations is about finding curves that
minimise integrals such as Equation (1.1), and the most famous La-
grangian in this family is

LM:/H@. (1.3)
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The main theorem in the Calculus of Variations is that the minimising
curves satisfy a differential equation called the Euler Lagrange equation.
There are quite a few papers and even textbooks that either “prove” or
assume the wrong Euler Lagrange equation for (1.3), namely that the
minimising curve is a circle, that is, satisfying x = 0. The correct result,
calculated by Euler himself, is that the curvature of the minimising curve
satisfies

1
fiss + 5 =0, (1.4)

which is solved by an elliptic function. Solutions are called “Euler’s
elastica” and have many applications. See (Chan, Sung Ha Kang and
Jianhong Shen, 2002) for a discussion relevant to the inpainting problem.

While Euler Lagrange equations can be found routinely by symbolic
computation packages, and then rewritten in terms of historically known
invariants, this process reveals little to nothing of why the Euler La-
grange equation has the terms and features it does. The motiviating
force behind Chapter 8 was to bring out and understand the structure of
Euler Lagrange equations for variational problems where the integrand,
called a Lagrangian, is invariant under a group; the groups relevant here
are not finite groups, but Lie groups, those that can be parametrised by
real or complex numbers, such as translations and rotations.

One of the most profound Theorems of the Calculus of Variations is
Noether’s Theorem, giving formulae for first integrals of Euler Lagrange
equations for Lie group invariant Lagrangians. Most Lagrangians arising
in physics have such an invariance; the laws of nature typically remain
the same under translations and rotations; also pseudo rotations in rel-
ativistic calculations, and so on, and thus Noether’s Theorem is well
known and much used.

If one calculates Noether’s first integrals for the variational problem
(1.3), the result can be written in the form,

1 Ugs
2 z 0
& Vita Vit g2
= = 0 2k (1.5)
C2 Rs
1+ 1+ w2
a3 \x/uz —u }L/uz +x 2K

Vituz o 142
where the ¢; are the constants of integration. The first component comes
from translation in z, the second from translation in w and the third,
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rotation in the (z,w) plane about the origin. The 3 x 3 matrix appearing
in (1.5), which I denote here by B(x,u,u,), has a remarkable property.
If one calculates the induced action of the group of rotations and trans-
lations in the plane, that is, the special Euclidean group SE(2), on B,
component wise, then one has

B(g-x,9-u,g-uy) = R(g)B(x,u,uy), for all g € SE(2)

where R(g) is a particular matrix representation of SFE(2) called the
Adjoint representation. In other words, B(z,u,u,) is equivariant with
respect to the group action, and is thus an equivariant map from the
space with coordinates (z,u, Uy, Ugs,...) to SE(2). The equivariance
can be used to understand how the group action takes solutions of the
Euler Lagrange equations to solutions.

Equivariant maps are, in fact, the secret to success for the invariant
calculus. They are denoted as a
theme of Chapter 5. In Chapter 8 we prove results that give the structure
of both the Euler Lagrange equations and the set of first integrals for
invariant Lagrangians, using the symbolic invariant calculus developed
in Chapters 5 and 6. The fact that the formula for Noether’s Theorem
yields the very map required to establish the symbolic invariant calculus,
used in turn to understand the structure of the results, continues to
amaze me.

“moving frame” and are the central

1.2 Curvature flows and the Korteweg de Vries equation

Consider the group of 2 x 2 real matrices with determinant 1, called
SL(2), which we write as

Sun={<i2>|M—m=1}

We are interested in actions of this group on, say, curves in the (z,u)
plane, that evolve in time, so our curves are parametrised as (z, ¢, u(z, t)).
Suppose for g € SL(2) we impose that the group acts on curves via the
map

au—+0b

cu+d

g-r=ux, g-t=t, g-u=

Using the chain rule, we can induce an action on u, and higher deriva-
tives, as
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and
(g - uz)
g - )

and so on. It is then a well established historical fact that the lowest

g Ugy =

order invariants are

Ut Ugzx
w=-"  v=_

Uy Uy 2 u2

3 2
Sles {u; z}.
The invariant V is called the Schwarzian derivative of v and is often
denoted as {u;x}. This derivative featured strongly in the differential
geometry of a bygone era; it is used today in the study of integrable sys-
tems. The reason is as follows. The invariants V and W are functionally
independent, but there is a differential identity or syzygy,

0 o? 0

—V=(z—=+2V—+1V,) W
ot (3z3 * Oz +Ve)

H

The operator ‘H appearing in this equation is one of the two Hamilto-
nian operators for the Korteweg—de Vries equation, (see (Olver, 1993),
Example 7.6; with V' = w/3). Thus, if W =V, that is, if u; = u,{u;x}
then V' (z,t) satisfies the Korteweg de Vries equation.

In fact there are many examples like this, where syzygies between
invariants give rise to pairs of partial differential equations that are in-
tegrable, with one of the pair being in terms of the invariants of a given
smooth group action. Another example of such a pair is the vortex fil-
ament equation and the nonlinear Schrodinger equation. In that case,
the group action is the standard action of the group of rotations and
translations in R®. We refer to (Mansfield and van der Kamp, 2006)
and to (Mar{ Beffa, 2004, 2007, 2008a, 2008b) for more information.

1.3 The essential simplicity of the main idea

For many applications, what seems to be wanted is the following:

Given the smooth group action, derive the invariants and their syzy-
gies algorithmically, that is, without prior knowledge of 100 years of
differential geometry, and with minimal effort.

To show the essential simplicity of the main idea, we consider a simple
set of transformations of curves (z,u(x)) of the plane given by

T T =+ k, U= Au. (1.6)
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The induced action on tangent lines to the curves is given by the chain
rule:

Uy

di _ da ()" du
Az dzl\dz) ~— A

and so u, is an invariant. Continuing, we obtain

xrx rrxr
A A2

and so on. Of course, in this simple example, we can see what the
invariants have to be. But let’s pretend we don’t for some reason, and
derive a set of invariants.

The basic idea is to solve two equations for the two parameters A and
k. If we take £ = 0 and ©w = 1, we obtain

R (1.7)

We give these particular values of the parameters the grand title, “the

frame”. If we now evaluate the images of u;;, Ugyy, ... under the
mapping, with A and k given by the frame parameters in Equation (1.7),
we obtain
Upe = 2 Wy, U o s P,
A A2

We now observe that the final images of our maps are all invariants.
Indeed,

u
2 2 TTT 2
U Uz — (Au) ( 22 ) = U Ugga

and so on. The method of “solve for the frame, then back-substitute”
has produced an invariant of every order, specifically

I, =u Urx...x-

n terms

It is easy to show that any invariant can be expressed in terms of the
I,,. Indeed, if F(x,u,u,,...) is an invariant, then

F(m,u,um,um,...):F()\:I:—i—k:,)\u,uz,u—f\z,...) (1.8)

for all A and k. If T use the “frame” values of the parameters in Equation
(1.8), I obtain

F(x,u, gy Uy, - - ) = F(0, 1, U, Wiy, ... ) = F(0,1, 11, I5, .. .).

Since any invariant at all can be written in terms of the I,,, we have
what is called a a generating set of invariants.
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But that is not all. If T use the same approach on the derivative
operator

d d (dz)‘ld d d
4 4 _(dy 4_,\4a 94
dz

d
D= u—
ud:c
is invariant, that is,
d d
D—u—=u— =D.
- udx udx

Differentiating an invariant with respect to an invariant differential op-
erator must yield an invariant, and indeed we obtain

DI =I,, Dly=1I3+ s (1.9)

and so on.

Equations of the form (1.9) are called symbolic differentiation formu-
lae. The major advance made by Fels and Olver (Fels and Olver, 1998
and 1999) was to find a way to obtain equations (1.9) without knowing
the frame, but only the equations used to define the frame, which in this
case were £ = 0, u = 1.

If we now look at a matrix form of our mapping,

W
SIS

A0k
= 0 XN O
0 0 1

—_

and evaluate the matrix of parameters on the frame, we obtain “the
matrix form of the frame”,

1, .2
U U
— 1
o(x, u) 0O — 0
u
0 0 1



1.4 Overview of this book 9

Going one step further, if we act on this matrix o(z, u), we obtain

Ly 2
u u
(@,u) = 1
oL, u 0 = 0
u
0 0 1
N .
= 1o L o 1
u 0 5 0
0 0 1 0 0
A0 kN
= olz,u) 0 X O
00 1

What this result means is that “the frame” is equivariant with respect
to the mapping (1.6).

The miracle is that the entire symbolic calculus can be built from the
equivariance of the frame and ordinary multivariable calculus, even if
you don’t know the frame explicitly, that is, even if you can’t solve the
equations giving the frame for the parameters.

The one caveat is that not any old mapping involving parameters can
be studied this way; the mapping (1.6) is in fact a Lie group action,
where the Lie group is the set of 3 x 3 matrices

A0 k
0 X 0 | [ NEERA>0,,
0 0 1

(amongst other representations) which is closed under multiplication and
inversion.

Not all group actions are linear like (1.6), and since we don’t need
to assume linearity for any of the theory to be valid, we don’t assume
it. However, often the version of a Theorem assuming a linear action is
easier to state and prove, and so we tend to do both.

1.4 Overview of this book

My primary aim in writing this book was to bring the theory and appli-
cations of moving frames to an audience not wishing to learn Differential
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Geometry first, to show how the calculations can be done using primar-
ily undergraduate calculus, and to provide a discussion of a range of
applications in a fully detailed way so that readers can do their own
calculations without undue headscratching.

The main subject matter is, first and foremost, smooth group actions
on smooth spaces. Suprisingly, this includes applications to many seem-
ingly discrete problems. The groups referred to in this book are Lie
groups; groups that depend on real or complex parameters. In Chapter
2 we discuss the basic notions concerning Lie groups and their actions,
particularly their actions as prolonged to derivative terms. Since there is
a wealth of excellent texts on this topic, we cruise through the examples,
calculations and basic definitions, introducing the main examples I use
throughout.

The following two Chapters give foundational material for Lie theory
as I use and need it for this book. I could not find a good text with
exactly what was needed, together with suitable examples and exercises,
so I have written this myself, proving everything from scratch. While I
imagine most readers will only refer to them as necessary, hopefully oth-
ers will be inspired to learn more Differential Topology and Lie Theory
from texts dedicated to those topics.

In Chapter 3, I discuss how multi variable calculus extends to a calcu-
lus on Lie groups; this is mostly an introduction to standard Differential
Topology for the particular cases of interest, and a discussion of the cen-
tral role played by one parameter subgroups. The point of view taken
in Differential Topology, on “what is a vector” and “what is a vector
field”, is radically different to that taken in Differential Geometry. The
first theory bases the notion of a vector on a path, the second on the
algebraic notion of a derivation acting on functions. There are serious
problems with a definition of a vector field as a derivationf. On the
other hand, the notion of a vector as a path in the space, which can be
differentiated at its distinguished point in coordinates, is a powerful, all
purpose, take anywhere idea that has a clear and explicit link to stan-
dard multi variable calculus. Further, anyone who has witnessed a leaf
being carried by water, or a speck of dust being carried by the wind, has
already developed the necessary corresponding intuitive notion. Armed
with the clear and useful notion of a vector as a path, everything we
need can be proved from the Theorem guaranteeing the existence and

1t Not the least problem is that the chain rule needed for the transformation of
vectors does not follow from this definition alone, which can apply equally well to
strictly algebraic objects.
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uniqueness of a solution to first order differential systems. So as to give
those well versed in one language, insight into the other, we give some
links between the two sets of ideas and the relevant notations.

In the second of the foundations of Lie theory chapters, Chapter 4,
we discuss the Lie bracket of vector fields and Frobenius’ Theorem and
from there, the Lie algebra, the Lie bracket, and the Adjoint and adjoint
actions. The two quite different appearances of the formulae for the Lie
bracket, for matrix groups and transformations groups, are shown to be
instances of the one general construction, which in turn relies on the Lie
bracket of vector fields in R". While many authors simply give the two
different formulae as definitions, I was not willing to do that for reasons
I make clear in the introduction to that Chapter.

Chapters 5 and 6 are the central chapters of the book. The key idea
underlying the symbolic invariant calculus is a formulation of a moving
frame as an equivariant map from space M on which the group G acts,
to the group itself. When one can solve for the frame, one has explicit
invariants and invariant differential operators. When one cannot solve
for the frame, then one has symbolic invariants and invariant differential
operators. This is the topic of Chapter 5, which introduces the distin-
guished set of symbolic invariants and symbolic invariant differentiation
operators used throughout the rest of the book. Chapter 6 continues
the main theoretical development to discuss the differential relations or
syzygies satisfied by the invariants, and introduces the curvature matri-
ces. These are well known in differential geometry, and we discuss the
famous Serret Frenet frame, but they have other applications; in particu-
lar, they can be used to solve numerically for the frame. Both Chapters
have sections detailing various applications and further developments;
sections designated by a star, *, can be omitted on a first reading.

From this firm theoretical foundation, a host of applications can be
described. The two most developed applications in this book are to
solving invariant ordinary differential equations, and to the Calculus of
Variations. In fact, there is a long history of using smooth group actions
to solve invariant ordinary differential equations; normally one would
think of this theory as a success story, with little more to say. However,
we describe in Chapter 7 just how much more can be achieved with the
new ideas. Similarly, the Calculus of Variations is a classical subject
that one might think of as fully mature. In Chapter 8, the use of the
new ideas throws substantial light on the structure of the known results
when invariance under a smooth group action is given.

The three applications that pleased me the most were solving the
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Chazy equation, finding the equations for a free rigid body without any
mysterious concepts, and the final Theorem of the book, showing the
structure of the first integrals given by Noether’s Theorem. All three
came out of trying to develop interesting exercises for this book.

Other applications to discrete problems, to functional approximations
or numerical integration problems, remain to be developed in the re-
search literature to the same level as those I have written about here.
These are some of my favourite applications, but I ran out of time and
space. Another application I wanted to include was the extension of the
Fels and Olver reformulation of the moving frame to pseudogroups (Cheh
et al, 2005; Olver and Pohjanpelto, 2008; Shemyakova and Mansfield,
2008). This, too, will have to wait for a second volume.

1.5 How to read this book ...

...is with pencil, paper and symbolic computation software. The only
way to see the magic is to do it.
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Lie groups and their actions

13



14 Actions galore

2.1 Introductory examples

A symmetry of a function is a coordinate transformation which leaves the
function invariant. Consider the function r(x,y,z) = /a2 4+ y? + 22
which is the distance of a point (z,y,z) € R? from the origin. This
function is invariant under rotations about the origin. Indeed, consider
a rotation matrix R : R® — R®. First note that RT R = I3, the 3 x 3
identity matrix. Setting x = (z,,2)” and X = (X,Y, Z)” = Rx, then
24t 4? = xXTx
xR Rx
(Rx)™ Rx
= X'X
X?4+Y?+2°

Next consider 7 = 7(z,y, 2,t) known as “proper time”, arising in the
theory of special relativity, given by

2 2

A= - nyfz

where c is the speed of light, assumed to be a constant. Symmetries of 7
include rotations in the space variables (x,y, z). Since both z? + 2422
and t are invariant under rotations in the space variables, 7 is invariant.
Pseudorotations are also symmetries of 7. These can be described in
a variety of ways. If we set y and z to be invariant and restrict our
attention to (z,t) space, then a pseudo-rotation g(v) is given by

(1) (1)

where g(v) is the matrix,

1 v
V1—v2/c? _\/1702/02
g(v) = o) ) ) (2.1)
7\/1—1)2/02 \/1—1)2/02

The parameter v is the velocity of the new coordinate system relative

to the first, and is assumed to be in the range v € (—c¢,¢). Note the
pseudorotation varies smoothly with v. We have that the inverse trans-
formation (g(v)) ™! equals g(—v) and the identity transformation is g(0),
that is, with v = 0. The composition of velocities is nonlinear, however;
indeed,

g(v) - g(w) = g(&(v,w)) (2.2)
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where
V4w

f(vvw):m;

(2.3)

If v, w € (—¢,c) then {(v,w) € (—¢,¢), so the group composition law
respects the restriction on the parameters. Another representation of
the set {g(v)|v € (—¢,0)} is {g(e) | € R}, where

_ cosha csinha
gla) = :

% sinha  cosha
The relationship between the two representations is
g(v) — g(a), tanh(a) = —v/ec. (2.4)
The composition law is simpler in the second representation;

g(@) - g(B) = gla+ ). (2.5)

Exercise 2.1.1 Show equation (2.2) holds with {(v,w) given in (2.3),
and that equation (2.5) also holds. Show that the relationship (2.4) sends
one composition law to the other. Hint: set cosha = 1/4/1—0v2/c?,
sinha = —v/(cy/1 —v2/c?) and use the addition rule for tanh.

Similar remarks hold for pseudorotations in the (y,t) and (z, t) planes.

The set of all linear coordinate transformations of (x, y, z,t) space that
can be written as a finite composition of rotations and pseudorotations
is a subset of the Lorentz group.

Definition 2.1.2 Let A be the diagonal matriz with diagonal entries
being (—1/c*,1,1,1). The Lorentz group is defined to be the set of 4 x 4
real invertible matrices A such that

ATAA = A.

Definition 2.1.3 A group G is a set such that

e there is a map, called the product map,
w:GExG—G.

We refer to the fact that the product pn maps into G' as the closure

property.
o The map u satisfies the associative law,

(g1, 192, 93)) = p(p(g1, 92), g3)-
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e There is an element e called the identity such that

ule,g) = pu(g,e) =g, forallge G

and,
e cach g € G has an inverse, denoted g~ *, such that

g™t g)=plg,g") =e.

We write the group as (G, pu) when we need to specify the product.
Where the product is clear from the context, we write p(g1, g2) as g1gs.

Definition 2.1.4 If the order of multiplication doesn’t matter, so that
g192 = g2g1 for all g1, g2 € G, we say that G is a commutative group.

Standing Assumption The groups we consider in this book are Lie
groups, groups whose elements depend in a smooth way on parameters,
which in this book are real or complex numbers. Parameters from other
fields such as the quarternions can also be used. A generic group element
of a Lie group is written as g = g(a1, ..., a,) when we wish to highlight
the independent parameters on which g depends. A rigorous definition
of a Lie group is given in the next chapter.

Lie groups can arise as symmetry groups of sets of functions. If the set
of functions is the solution set of a differential system, then we speak of
the Lie group of symmetries of the system. More generally, we consider
symmetries of differentiable geometric structures. In this chapter we
define the basic terms we use and give a range of examples that will be
used in later chapters.

The simplest Lie group is the set of real numbers with addition as the
the group ‘product’; (R, +), so pu(x,y) =« + y. The identity element is
zero, and the inverse of an element is its negative. A second Lie group
is (R™,-), where R" denotes positive numbers and the group product
being the standard multiplication. These two groups are essentially the
same group because there is an invertible map

f : (Ra+) - (RJF, )
that maps ‘products’ in (R, +) to the corresponding product in (R*,-),

fle+y) = f)f(y)

Of course, f is the exponential map. We formalise this notion of ‘being
the same group’ by defining an isomorphism.
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Definition 2.1.5 Two groups (G, ug) and (H,pm) are said to be iso-
morphic, if there is an invertible map

f:G—H
satisfying
flua(91,92)) = pu(f(91), f(g2)),  for all g1,92 € G.

We write G ~ H and say that ‘f respects the group product’.

The next simplest Lie groups to describe are matriz groups. These
are sets of square matrices and the product is always the usual matrix
multiplication. Since this product is known to be associative, to test
whether a set of matrices is a group, we need to check:

(i) closure, that is, the product of two elements in the set is itself in the
set,

(ii) the identity matrix of the relevant dimension is in the set, and

(iii) not only that elements of the set are invertible, that is, their determi-

nants are non-zero, but that their inverses are in the set.

We denote the set of all n x n matrices whose components are real
numbers by M, (R), and the set of invertible n x n matrices whose entries
are real numbers by GL(n,R). Similarly, the set of invertible n x n
matrices whose entries are elements of the field F is denoted GL(n,F) or
simply GL(n) if the field is obvious from the context. All matrix groups
are subgroups of GL(n,F) for some F and some n.

Remark 2.1.6 Another notation that we will use for M, (F) is gl(n,F),
for reasons that will be become apparent in Chapter 4. If V is a vector
space, the set of linear maps taking V' to itself will be denoted gl(V).

Exercise 2.1.7 Consider G = RT x R, with group product

pe((z,a), (y,b)) = (zy,a +b)

— roa +
H{< 0 1 > |z eR ,aeR},

with py being matrix multiplication. Show that both G and H are groups.
Although as sets G and H are in 1-1 correspondence, show that they
are not isomorphic as groups. Hint: first show that if two groups are
isomorphic and one of them is commutative, then so is the other.

and the group
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Definition 2.1.8 For a square matriz A = (a;j), we fix the following
notations. The determinant of A is denoted det(A). The complex con-
jugate of A is A = (@;). The transpose of A is AT = (a;;). A hermitian
matriz satisfies AT = A. A symmetric matriz satisfies AT = A. The
n X n identity matrix is denoted I, .

Example 2.1.9 The special linear group is
SL(n,R)={A € M,(R)| det(A) =1}. (2.6)

The general element has n® real parameters satisfying one condition,
50 SL(n,R) has dimension n*> — 1. The condition det(A) = 1, which is
polynomial in the parameters, defines a smooth surface in the parameter
space R™ .

More generally, if S is any n X n real matrix, then the set
G(n,S) ={A € GL(n,R)| ATSA =S} (2.7)

is a Lie group. An example is the Lorentz group (Definition 2.1.2).

Exercise 2.1.10 Prove G(n,S) is a group. Show by example that S
need be neither invertible nor symmetric, although these are the usual
examples. If in (2.7), the matriz S is the identity matriz, then the group
is O(n), the orthogonal group. Specifically,

O(n) = {AeGL(n,R)|ATA=1,}
SO(n) = {Ae€GL(n,R)|ATA=1,, det(A) =1}

Let K be the diagonal matriz such that K13 = —1 and K;; = 1 for
j > 1. Prove O(n) = SO(n)UK - SO(n).

(2.8)

Similarly, if S is an n X n complex matrix, then the set
{Ae€GL(n,C)|ATSA = S} (2.9)
is a Lie group.

Example 2.1.11 The special unitary group SU (n,C) is the set of nxn
matrices with complex components satisfying both

Ut =1, det(U) = 1.

It can be shown that

SU(2,C) = {( —QB

QI R

) |, 8 € C, aa—i—ﬁﬁ:l}.
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In other words, the general element of SU(2) depends on 3 real parame-
ters: the condition aa + 36 = 1 can be written as o2 + a3+ (7 + 32 =1
where we have set a = a1 + iag and B = (1 +if2. Thus, in the four
dimensional real parameter space with coordinates (aq, s, (1, F2), the
group SU(2,C) is the unit sphere.

Lie groups of the form (2.7) and (2.9) are smooth surfaces (r dimen-
sional, where 7 is the number of independent parameters describing the
group elements) when viewed as sets in parameter space.

Definition 2.1.12 (Working definition). A Lie group is a group, which
as a set is a smooth surfacet in RY for some N. Moreover, as functions
of the parameters describing the surface, the product map p and the
inverse map g — g~ are smooth.

The rigorous definition requires a Lie group to be a manifold, that
is, locally Euclidean. We will discuss the rigorous definition in detail in
Chapter 3.

Definition 2.1.13 A set T of invertible maps taking some space X to
itself is a transformation group, with the group product being composition

of mappings, if,

(i) forall f,geT , fogeT,
(i) the identity map id : X — X, id(z) =« forallz € X, isin T,
and
(iii) if f € T then its inverse f~' € T.

The associative law holds automatically for composition of mappings,
and thus does not need to be checked. Matrix groups are groups of linear
transformations since matrix multiplication and composition of linear
maps coincide. We will assume that elements of transformation groups
are smooth and are parametrised by either real or complex numbers, in
a smooth way. This means that they are smooth when considered as
maps of two sets of parameters, namely the group parameters and the
independent variables of M.

Sets of transformations defined only on open sets of some space X
can fail to be a group strictly as defined above; there are then technical
difficulties with both closure and associativity when domains and ranges
do not match, as in the next Exercise.

T more technically, a submanifold
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Example 2.1.14 Let x and y be real variables and consider the map

x Yy )
l—ex’1—ex’”

(z,y) = (

We assume that € is sufficiently close to zero so that mo zero demomi-
nators result in our local domain of interest; note the restriction on €
depends on the point being mapped. Although € parametrises a transfor-
mation of (x,y) space, we think of € € R itself as acting on (x,y) space,
so that we write the transformation as

(z,y) — ex (z,y) (2.10)

We have in this case that

€2 % (e1 % (z,9)) = (€1 + €2) * (2, y), (2.11)

where again, we need to restrict domains so that no zero denominators
appear.

A set of invertible mappings such as that given in Example 2.1.14
is called a local Lie transformation group. See (Olver, 1993), Section
1.2 for the full technical definition. For the set of mappings given in
Example 2.1.14, the identity transformation is parametrised by ¢ = 0
and the transformation inverse to ex is (—e¢)#*, but since the domain of
each transformation is different, we need to weaken the definition of
closure to, “the composition of any two elements in the group is in the
group, on the domain where the composition is defined”.

2.2 Actions
Given a (local) Lie group, we will be studying their actions, that is, their
presentations as a group of transformations of some given space M. The
simplest actions are linear actions, and the theory of such actions is the
same as the theory of representations of the group.

Definition 2.2.1 If M be a vector space, a representation of the group
G is a map R: G — GL(M) such that

R(gh) = R(g)R(h).
Exercise 2.2.2 Show that if e € G is the identity element in G, then

R(e) is the identity matriz, and that R(g)™* = R(g™"). Hint: for any
element g € G, ge = g.
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Remark 2.2.3 The word representation is restricted, by common con-
vention, to presentations in the form of a matrix group, which act on M
linearly. Thus for representations, M is assumed to be a vector space.

Exercise 2.2.4 Let G = SL(2) and M = R?. Show that the map

b a’ ab b2
( “ d ) — 2ac ad+ bec 2bd
¢ 2 cd d?

where ad — be = 1 is a representation of SL(2) in GL(M).

Definition 2.2.5 We say the group G acts on the space M if there is a

map
a:GxM— M, (2.12)
satisfying either
(g2, a(g1,2)) = a(g201, 2), (2.13)
or
a(g2, (g1, 2)) = alg192, 2)- (2.14)

Actions obeying (2.13) are called left actions while actions obeying (2.14)
are called right actions.

Exercise 2.2.6 Show that if a(g,.) is a left action then a(g™",.) is a
right action, and vice versa.

One can define similarly a local Lie group action where the restrictions
on the domains are noted.

In order to distinguish left from right actions, we will use the following
notation. A left action will be denoted as

x:GxM—>M

and thus (2.13) becomes gh * z = g x (h x z). A right action will be
denoted as

o . GxM—M

and thus (2.14) becomes ghez =he (ge z).
The image of a point under a general action is denoted variously as

g-z2=z2=F(z,9) (2.15)
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The different notations are used to ease the exposition, depending on
the context.
Solution to Exercise 2.2.6: Given a left action gxz, define gez = g~ 'x 2.

Then
he(gez)=h""x(g7 xz)=(h7'g7 ") x2=(gh) 'z = (gh) ez
showing g e z is a right action as required. The other case is similar.
It is not always obvious whether a given action is left or right.
Exercise 2.2.7 Is the local action of SL(2) on R given by

ar +b

— —bc=1 2.1
o d ad — be (2.16)

T—=g-T=

left or right? Show that

ar+b a(h-x)+b
cx+d clh-x)+d

implies a right action, while

b
ar+b 2%+ b

catd o,

s a left action, where

= ( @2 b2 >, 0,2d27b262:1.
C2 d2

The answer of whether a right or left action is implied by (2.16), depends
on the interpretation of the symbol x; whether it is viewed as a coordinate
function on R or an element of R itself. But which is which? (See section

2.3.1.)

Blanket assumption. We will assume that the space M on which G
acts is a smooth space and that the map defining the action, (g,z) —
a(g, z), is also smooth in both ¢ and z.

Remark 2.2.8 Right actions are often denoted by m — m - g, par-
ticularly in algebra texts discussing permutation groups. One then has
(m-g)-h =m-(gh). Since in this book we are mostly doing calculus and
not abstract algebra, we stick with the notion of the group action being
a function on M and thus write it on the left hand side of its argument.
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Example 2.2.9 A group acts on itself by left and right multiplication.
The equations (2.13) and (2.14) are then the associative law for the
group product.

Exercise 2.2.10 Show that G x G — G given by

(9,h) — g 'hg

1s an action of G on itself. This is called the “adjoint” or conjugation
action.

Definition 2.2.11 Two group actions a; : G X M — M, i = 1,2 are
equivalent if there exists a smooth invertible map ¢ : M — M such that

as(g,2) = ¢~ (g, 6(2))
for all g € G.

Exercise 2.2.12 Let f : R — R be any invertible map, and define
p:R xR — R given by u(z,y) = f~1(f(x) + f(y)). Show (R,u) is
a group and thus defines an action of R on itself. Clearly, this action
is equivalent to addition. Generalise this by taking invertible maps f :
(a,b) € R — R. A large number of seemingly mysterious nonlinear
group products on subsets of R can be generated this way. By considering
f = arctan, show the product

s equivalent to addition.
A matrix group in GL(n,R) acts on the n-dimensional vector spaces
V as a left action
Axv=Av
or a right action
Aev=ATv,

where v is given as a n X 1 vector with respect to some fixed basis of V.

Exercise 2.2.13 Show the two right actions, Aev = ATv and Aev =
A~ are not equivalent in general. That is, show that there does not
exist, in general, a matriz ¢ such that A=t = ¢~ YAT ¢ for all A. Hint:
The matriz ¢ must be independent of A for equivalence to hold.
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Our next example concerns nonlinear actions of SL(2) on the plane.

We will use these actions in many examples in the rest of this book.

Example 2.2.14 There are three inequivalent local actions of SL(2,C)
on the plane C* (Olver, 1995). If the coordinates of C* are taken to be
(x,y) and the generic group element is

g(ccl Z), ad —bc=1

then the actions are

Action 1
. ax+b -
= — = 2.17
T=_— U=V (2.17)
Action 2
_ ax+b - Y
= = — 2.18
R 4 (cx + d)? (2.18)
Action 3
. ar+b ~ 2
= — fr— 2.1
T= o y=6¢c(cx +d)+ (cx +d)°y (2.19)

Keeping track of where repeated compositions of these maps are and
are not defined is tedious. Usually one introduces a new point, co, and
extends the definition of the action on x as follows:

5 ar +b ac;é—é

T cx+d c
“djc =
— a
o = -
c

Exercise 2.2.15 Which of these three actions of SL(2) is equivalent to
the standard linear action,

T = ar + by, y = cx +dy,

at least on some open set of C22 Hint: consider the induced action on

/vy, 1/V/y)-
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2.2.1 Semai-direct products

Suppose G and H are two Lie groups such that G acts on H, that is,
g*xh e H for all g € G and h € H, for some left action %, satisfying

g* (hihe) = (gxhi)(gxhs) forallge G, hy, ha € H

eaxh = h forallhe H (2.20)

where eq is the identity element of G. In words, the left action of each
g € G is a homomorphism of H and egx* is the identity map on H.

Exercise 2.2.16 Show that each g € G acts as an isomorphism. Show
by example that the second condition in (2.20) is necessary for this to be
true.

Definition 2.2.17 Suppose the action of G on H satisfies (2.20). The
semi-direct product G x H is defined to be, as a set, G x H, but with
group product - given by

(91, h1) X (gz,hz) = (9192, h1(91 * hz))-

Exercise 2.2.18 Prove that the semi-direct product is associative. What
is the identity element of G x H and the inverse of (g,h)? Hence prove
G x H is a group.

The usual example is where G is an n X n real matrix Lie group and
H = (R",+), the group of n x 1 column vectors under addition. There
is then the standard left action of G on H and the semi-direct product
is represented by

GD(R"%{<61 ‘1’>|AeG,veR"}. (2.21)

Indeed we have
A v B w\ [ AB v+ Aw
0 1 o 1 /) 0 1

Example 2.2.19 Recall the definition of the special orthogonal group
SO(n) given in Ezercise 2.1.10. The semi-direct product SO(n) x R"
is called the special Euclidean group, denoted SE(n), and is the transfor-

as required.

mation group generated by rotations and translations. Similarly, SA(n) =
SL(n) x R" is called the special affine group.
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2.3 New actions from old

Given an action of G on M, there are induced actions on products of M,
the set of functions defined on M, the tangent space of M and hence the
set of vector fields on M, and so forth. We will start with the simplest
of these and work our way up.

2.3.1 Induced actions on functions

The set of smooth functions mapping M to RY is denoted C*°(M,RY).
A left action G x M — M induces a right action on C*°(M,R”Y) given
by

ge (fi(z), -, fn(2) = (filgx2), -, [n(g*2)). (2.22)

This is a right action because

he(gef(z)) =hef(gxz)=flgx(h*z))=flgh*z)=ghe[(z)

Similarly, an action is induced on functions defined only on restricted
domains in M; the domain of g e f will be g~! * domain(f).

In particular, since coordinates are functions mapping M to R, we
have that a left action on M becomes a right action on the coordinates
Z;:

xi(g*z)=gex;(z).
The image of a coordinate function under the action is denoted variously
as

gex; =z; = Fj(z,9), (2.23)
compare (2.15).

Consider the transformation group given in Example 2.1.14. The in-
duced action on functions is given by

co f(z,y) = flex (z,y)) = f(,9).

Thus
z/(l—ex) =

y ¥ y/l—e) y

Definition 2.3.1 A function f : M — R is said to be an invariant of
the action G x M — M if

flg*z)= f(2), for all z € M. (2.24)
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Exercise 2.3.2 Consider the conjugation action of a real matrix group
M on itself, given by (A, B) — A 'BA. Show that the functions tr, :
M — R given by tr,(B) = trace(B"), for n € N, are invariants for this
action.

Exercise 2.3.3 The action on C°°(M,RY) we have defined in Equation
(2.22) is an example of the following construction. Let G act on both
M and N and let M(M,N) be the set of maps from M to N. If both

these actions are left actions then there is an induced right action of G
on M(M,N) given by

(g-NH@)=g"" flg-a). (2.25)

Show this is a Tight action. Show this is the same action on functions
as described above in the case that N =R"™ and g-n=mn for all g € G,
n € N. How should the action on M(M,N) be defined if G acts on the
left on M and the right on N, to obtain a right action on M(M,N)?
In the case N = M, the action (2.25) is often called a “gauge action”.

2.3.2 Induced actions on products

Definition 2.3.4 The product action induced on the N-fold product of
M with itself, M x --- x M (N terms) is given by

g-(z1,..,28)=(9-21,...,9 " 2N) (2.26)

Example 2.3.5 The group generated by rotations and translations in
R™ is known as the Fuclidean group and is denoted E(n). If n =2, the
standard action is

x cosf) —sinf T a
9(6,a,0) * ( y ) o < sin@ cosf > < y )+< b ) (2.27)

The product action on two or more copies of R?> amounts to consider-
ing the simultaneous action on two or more points in the plane. Two
inwvariants of the product action are

In,m = (-Tn - -Tm)2 + (yn - ym)2a Jn,m = TnYm — TmYn (2-28)

where (Tn, Yn), (Tm,Ym) € R? and in fact, any invariant of this group
action is a function of the I, p, and the J,, . We will prove this in §5.7
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Definition 2.3.6 An N-point invariant of the action G x M — M is an
invariant of the product action on the N-fold product of M with itself.

These invariants are also known as joint invariants.

Exercise 2.3.7 Recall the local projective action of SL(2) on R,
x v+ (ax +b)/(cx +d) =7,
where ad —be = 1. Take the product action on (x,y,z,w) space, that is,
(,y,z,w) — (Z,7, 2, W).

Show that the cross ratio

1S a 4-point invariant.

2.3.3 Induced actions on curves

If G acts on M, s is a real parameter and s — (s) € M is thus a curve
in M, the induced action on the curve is defined point wise,

(g*7)(s) = g*7(s),

see Figure 2.1. Since the action is smooth and invertible, it will not
introduce cusps or self-crossings into curves that do not have them to
begin with. As simple as this looks, it is probably one of the most
important induced actions in this book because the applications are so
widespread; the curve might be a solution curve of a differential equation,
it might be a path of a particle in some physical system or a light ray
in an optical medium, it might be a “tangent element”, and so on.

Exercise 2.3.8 Show a matriz group acting linearly on a vector space
V', on the left, induces an action on the set of lines passing through the
origin of V.. If the dimension of V is 2, show the induced action on the
slope m of a line is

= ( ’ Z)om:(c—i-dm)/(a—i—bm).

Hint: consider the induced action on y/x.
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If the curve is differentiable, we obtain an induced action on the first
and higher order derivatives, called the prolonged action, discussed in

the next section.

Fig. 2.1. Euclidean action on smooth curves in the plane.

2.3.4 Induced action on derivatives :

the prolonged action

Suppose there is an action of the group G in the plane with coordinates
(z,y). If we take a curve in the plane given by y = f(z), so that we
consider y to be a function of x, then there is an induced action on the
derivatives ¥, ¥y and so forth, called the prolonged action.

To illustrate, we look in detail at the action in Example 2.3.5. To ease
the notation, we denote the generic image of this action as

X
9d(8,a,b) *
(@.a.0) (y)

dy
9(0,a,b) E
d2y
94(6,a,b) 322

and define the action on y, to be

(7)

Yz

Yoz

dy dy _ dy/dx

J0ed 4y T aF ~ dz/de’

(2.29)

(2.30)
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by the chain rule (which is, in one dimension, also known as implicit
differentiation). Thus

_ sinf + cos Oy,

Yo = Cosl — sin Oy,

Similarly,
d?y A%y 1 ddy/dx
9(0,a0) " T3 = Tz = YiE = Sa o s
dz d(7) dz/dx dz dZ/dx

so we have
Yz
(cosf — sin Oy, )3

Yoo =

Since

Yoz  Yau
Q307 (+2) (2:31)

we say that y../(1 + y2)%? is a differential invariant (see Definition
2.3.11). This quantity is in fact the Euclidean curvature of the path
x +— (x,y(x)) in the plane.

Exercise 2.3.9 For the action of SL(2) on (x,u) space given by

~ . au+b
T=ux U= —-",
cu—+d

ad —bc=1

3

show that

Urrr 313 (2.32)
Uy 2 u2 '
1s invariant under the prolonged action. This expression is known as the
Schwarzian derivative of u with respect to x and is often denoted {u;x}.

More generally, we are concerned with ¢ smooth functions u® that
depend on p variables z;. The derivatives of these will be denoted using
a multi index notation, e.g.

67
uf’ = ——u”.
112222 = 5,35,
or
5
ul = Luﬁ .
YU T 920y3
We consider these derivative functions as functionally independent co-
ordinates of a so-called jet space, denoted J(X x U), or J for short,



2.3 New actions from old 31

where X is the space whose coordinates are the independent variables,
and U the space whose coordinates are the dependent variables. A dif-
ferential equation is thus a surface in J. If we restrict the order of the
derivative to be n, we denote the resulting space by J" (X x U). Points
in J(X x U) have coordinates

— 1 q , 1
z=2z(x1,...,zp,u, ... ul ug, . ).

Readers interested in the rigorous formulation of jet spaces as fibre bun-
dles should consult for example, (Saunders, 1989). However, it is not
necessary to know the considerable technical details that are involved in
order to apply group actions to differential equations effectively. Indeed,
a solid grasp of the multi variable chain rule is far more important.
Our interest is in functions, like the Schwarzian above, that depend
on a finite number of derivatives and are smoothly differentiable with
respect to those arguments (away from any zeroes in denominators).

Definition 2.3.10 We will denote by A the algebra of smooth functions
on J(X x U), that depend on finitely many arguments.

0
3 extends to an operator on A called the total differen-
Ly

tiation operator

The operator

D 0 & o 0
D; = Do = Bz T Zzumw- (2.33)

We assume we are given a smooth left action of an r-dimensional Lie
group G on the space X x U, where X is the space of independent
variables and U is the space of dependent variables. By prolongation we
will get a right action on the derivatives u%, where K is the milti index of
differentiation, which is calculated using the chain rule of differentiation;
a right action since the u% are coordinates of the relevant jet bundle.
The prolonged action will be denoted variously as

geuy = uj = Fg(z,9),
compare (2.15) and (2.23). This right action then extends to an action
on A, as in §2.3.1.

Definition 2.3.11 Given a smooth action G x X x U — X x U, a
differential invariant is an element of A which is invariant under the
induced prolonged action.
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The prolonged action is given explicitly by

geul; =D, D;F(z,g), (2.34)
where

— D LSS

D; = D7 Z(Dz)ika (2.35)

k=1

and the coeflicients are obtained from the Jacobian matrix of the coor-
dinate transformation x — x,

(Da)sk = ((DF) )i

Explicitly, we have

071 07
T
Dr=| 1+ .. (2.36)
0z, 0z,
G o

and using the fact that the Jacobian of the inverse map is the inverse of
the Jacobian.

Example 2.3.12 Consider the action of the Euclidean group SFE(2)
coordinates (z,t,u,v) and g = g(0,a,b) given by,

[ cos@ —sind U n a

~\_sin@  cosf v b )
Assume u = u(z,t) and v = v(z,t). Since x and t are both invariant,
we have D, = D, Dy = D; and hence the prolonged action is simply

given by
UK cosf —siné UK
ge = .
VK sinf  cos@ VK

Example 2.3.13 For the group SL(2) acting on the variables (x, t, u(x,t))

ast =t and
( ) - ( c +Zc)/a ) ( . ) (2.37)

where (a,b,c) are the coordinates of g € SL(2) near the identity e =

S

N

=2

2
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(1,0,0), we have courtesy of the chain rule that
D, \ ([ a+bu, O 13;
Dy ) bu; 1 D,

~ 1
D, = D,
a + bug

and thus
but
a+bu,

Dy =D, -

)

Note that even though t = t, it is not the case that lA); = D;. From
equation (2.84) it now follows that

— 9 —
uy = Dy, Upy = Dy 1, uy = Dy,
which yields
— ac+uy(1+be) - T, N Uy
U, = —— u = — u =
* ala + bug) T (a+ bug)3’ T a bug

It can be checked that this is a right action.

2.3.5 Some typical group actions in geometry and algebra

By and large, group actions in geometry and algebra are induced from
linear actions on vector spaces.

If G is a matrix Lie group in GL(n) and V is an n-dimensional vector
space with basis eq, ...e,, then there is the standard left action of G on
V' with respect to the given basis given by

A-e;= Zaijej, A=(a;;) € G (2.38)
j=1

and extended linearly.

We have already seen the induced action on products, and the induced
left action on V x V x --- x V is just that. The induced left action on
the tensor product, V' ® V' which has basis {e; ® e;} is given by

—_~—

e;®ej=e; Dej,

and extended linearly. Thus if A is a matrix in the group acting on V,
with matrix form (a;j), then there is a listing of the basis elements of
V ® V such that the matrix form of A ® A is given by

0,1114 tee alnA

antd - apnA



34 Actions galore

Restricting ourselves to the space of symmetric tensors, S%(V), with
basis {1 (e; ® e; +€; ® €;)}, or antisymmetric tensors, A*(V'), with basis
{i(ei®e; —e; @e;)|i # j}, the induced action on V ® V given above
takes these subspaces to themselves and thus we obtain actions on these
subspaces. Similar remarks apply to spaces of n-fold symmetric and
antisymmetric tensors, denoted S™(V') and A" (V).

Remark 2.3.14 The set of n-fold symmetric tensors, S™(V'), should
not be confused with the unit sphere in V in the case n = dim(V').

Similarly, given linear actions by the same group, but on two different
vector spaces V and W, we obtain induced actionson VxW and Vo W.

More interesting is the induced action on the dual V* of V. The sim-
plest way to think of the dual is as the space of coefficients (a1, as, . .., a,)
of a generic element of V', v = a1e; + ases + - - - ane,. The group acts
on this element as

U =aie1 + az€a + -+ apey,.

Expanding out e; using equation 2.38 above, we obtain by collecting
terms,

UV =aie; + ases + -+ anen.

Then a = (a1,...,a,) —a=(a,...,a,) is a right action.

Exercise 2.3.15 Show that if g has matriz A with respect to the basis
ei,i=1,...,n, so that e; = ZAijej, then a = aA.
J

Similarly, we have actions induced on the dual of S™(V). A typical
element in S™(V) is written as a symbolic polynomial in the e;; since
the products are symmetric, this makes sense. Applying the action to
the e;, expanding and collecting coefficients leads to an action on the
coefficients, and hence on the dual of S™(V'). One of the most important
examples of this construction, at least historically for a physicist, are the
induced actions of SU(2) on the coefficients of a generic homogeneous
polynomials of degree 2 and above. We refer the reader to Fassler and
Stiefel, 1992, Section 4.3.1. where the details are given in full. It is
well worth the student’s while, from a general educational point of view,
to understand the details of the calculations not only of this induced
group action but those of the Clebsch-Gordan Theorem, which gives
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the decomposition into direct summands of a tensor product of these
actions.

Other types of actions induced from linear actions in vector spaces are
those on sets of lines or planes passing through the origin in V.

Example 2.3.16 Consider the set of straight lines passing through the
origin in R"T. Then any linear map sends one line to another. Such a
line intersects the unit sphere in two antipodal points. The set of pairs
of antipodal points on an n-sphere is called the n-dimensional projective
space, P". Thus a group of matrices acting in R™™ induces an action
on P™. This space is not linear and so neither is the induced action.

Exercise 2.3.17 Just as groups of matrices induce actions on straight
lines through the origin, so they induce actions on sets of planes through
the origin. Consider the (2n) x (2n) matriz,

0o I,
J =
(5 %)
where I, is the n x n identity matriz and 0 the n x n zero matriz. Given
a subspace W of R®", define

Wt ={veR? v Jw =0, for all w € W}.

If W = W= then W is called a Lagrangian subspace.  Show that the
dimension of any Lagrangian space is n. The symplectic group Sp(n) is
the set of 2n x 2n matrices A such that

ATJA = J.

Show that Sp(n) is a group, and that it maps the set of Lagrangian spaces
to dtself, that is, if W = W+ and A € Sp(n), then AW = (AW)*.

2.4 Properties of actions

Not all group actions are of interest. To define a moving frame, the main
subject of this book, we need an action to be free and regular at least
in the neighbourhood of our space where we want the frame. Freeness
means that if g -z = z, then g = e, the identity element. Regularity
relates to how the group orbits “foliate” the space.
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Definition 2.4.1 Let G act on M and let z € M. The orbit of z is the
set of points in M that are the image of z under the group action,

O(z) ={g-2]|g € G}.

If we write the space M as a union of orbits of a Lie group action, we
have what is known as a foliation of M, with each orbit being a leaf of
the foliation. In general, the leaves will not all have the same dimension,
see Figure 2.2.

Fig. 2.2. The orbits of the action T = exp(«a)z, ¥ = exp(—a)y foliate the
plane. The origin is a fixed point and the foliation is not regular there.

A regular foliation of an n-dimensional space has the property that
there exists a local coordinate transformation and an integer r such that
the leaves are mapped to the set of planes

{(kla k2a ) kn—r—l; Zp—ry e 7Zn}a

where the k; are constants. For example, if the group action is transla-
tion in the last r coordinate directions, the orbits are already planes. For
the action shown in Figure 2.2, a foliation map exists in a disc around
any point in R? except the origin, that is, there is a coordinate transfor-
mation that straightens out the orbits. If the orbits all have the same
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dimension, then the foliation they yield is said to be regular. More is
required for an action to be regular however.

Most actions are not free and regular, but they can often be extended
in various ways so that they become free and regular, at least for worth-
while portions of the extended space. In particular, this is true for pro-
longation actions, provided the action you start with is locally effective
on subsets. Here we look in detail at these concepts.

The first notion we define is the isotropy group of a subset S of M.
The notion of an isotropy group is “dual” to that of a fixed point or
invariant set. It answers the question, given a set, which elements of the
group fix that set? Note that not every element of S is a fixed point of
the isotropy group, but it needs to map to another element of S.

Definition 2.4.2 (Isotropy groups) For S C M define the isotropy
group of S tobe Gs ={geGlg-SCSt={geG|g-z€ 5,Vze€ S}.
The global isotropy group of S is defined to be

Gi=NesG,={9g€G|g-z=2Vze S}

Exercise 2.4.3 For the group of translations and rotations in the plane,
what is the isotropy group of an arbitrary given point? (Hint: rotate
your point and then translate it back to itself.) What if that point is the
origin? What is the isotropy group of a circle in the plane? What is the
global isotropy group of a circle in the plane?

Definition 2.4.4 A discrete subgroup of a Lie group G is a subgroup
which, as a set, consists of isolated points in G.

Definition 2.4.5 (Free and effective actions) A group action on M
1s said to be:

free if G.,={e}, forallze M
locally free if G, is a discrete subgroup of G, for all z € M
effective  if G = {e},
locally effective if Gy is a discrete subgroup of G
on subsets for every open subset U C M

Exercise 2.4.6 Show the standard action of the Euclidean group on the
plane is effective but not free. If you induce the action on curves and
prolong, at what degree of prolongation does the action become free?
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Remark 2.4.7 A theorem of Ovsiannikov (Ovsiannikov, 1976, see also
Olver, 2000) guarantees that the prolongation of actions, which are lo-
cally effective on subsets of X x U, will be locally free on an open dense
subset of J"(X x U) for sufficiently large n. For results for product
actions, see (Boutin, 2001 and Olver, 2001a, Example 3.1).

Definition 2.4.8 A group action is regular if

(i) all orbits have the same dimension,

(ii) for each z € M, there are arbitrarily small neighbourhoods U(z)
of z such that for all 2" € U(z), U(z) N O(2") is connected.

Locally, a regular action has orbits that foliate the space in a regular
way, with one additional condition (ii) above, see Figure 2.3.

J ol
different
orhits

Fig. 2.3. A regular action foliates the space with orbits, all of the same dimen-
sion. Moreover, each orbit intersects the neighbourhood in a single connected
component.

An example of an action satisfying (i) but not (ii) in Definition 2.4.8
is pictured in Figure 2.4. The group is (R, +) and acting on the punc-
tured plane, R?\ {(0,0)}; the orbits are the integral curves of the flow
shown. The action is not regular at those points lying on the periodic
orbit P. Indeed, for every z € P, the intersection of arbitrarily small
neighbourhoods U(z) with orbits of points 2’ ¢ P have infinitely many
components.

The next notion we require is that of the transversality of surfaces in
our space M. Figure 2.5 illustrates the concept for curves in the plane.



2.4 Properties of actions 39

z

Fig. 2.4. An action which is not regular at points z € P where P is the periodic
orbit.

(i) " (i)
Fig. 2.5. The two curves at (i) intersect transversally as at every intersection
point, the two tangent spaces of the curves span the tangent space of the

plane. The two curves at (ii) are not transverse, as the span of the tangent
spaces at the intersection has dimension less than that of the ambient space.

Definition 2.4.9 We say two smooth surfaces K and O contained in
R"™, of dimensions a and (8 respectively, 0 < a,0 < n, a+ 3 > n,
intersect transversally if for every z € KK N O, the tangent spaces T.K
and T,0, viewed as subspaces of T,R"™, satisfy

T.K+T,0=T,R";

in words, the span of the two tangent spaces is the full tangent space at
every point of intersection.

If the action is regular, then locally there exists a smooth cross section
KC, see Figure 5.1, such that for the orbits O(z),

(i) dim K + dim O(z) = dim M,
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(i) for z € K, KN O(z) is a single point,

(iii) K is transverse to the group orbits; that is, for z € K, the direct sum
of the tangent spaces of I and O(z) at the point z is the whole of
T,M.

As we will show in Chapter 5, the cross section K is the moving frame
that is the subject of this book.

2.5 One parameter Lie Groups

The easiest way to analyse a group action in detail is to examine the
action of its one parameter subgroups.

Definition 2.5.1 A one parameter Lie subgroup of a Lie group G is a
path t — h(t) € G such that

h(0) = e

h(t)h(s) = h(t+s)  foralls,t€R (2.39)

Example 2.5.2 In G = C\ {0}, with the usual product, let h(t) = e™.

This is a one parameter subgroup as h(t)h(s) = e’ = '(t+s)

h(0) = 1.

and

Exercise 2.5.3 Show that if a € C is non-zero, then h(t) = ™ is a
one parameter subgroup of C\ {0}. Plot the curves in C for various .

Exercise 2.5.4 Let G =R™ x R with group product given by
(¢,d)-(a,b) = (ac,cb + d).

Show h1(t) = (1,8t) and ha(t) = (e**,0) are both one parameter sub-
groups. For arbitrary o, B € R, a # 0, show the general form of the one
parameter subgroups is

ha(t) = (™, B(e™ —1)/a).

To each one parameter subgroup h(t) we can associate a vector vy, at
the identity element of GG, the tangent vector to path at ¢ = 0,

d

S,

v, (2.40)
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-
N

Fig. 2.6. The one parameter group {exp(it) |t € R} in the complex plane.

see Figure 2.6. In Chapter 3, we will clarify and prove the important
theorem,

Theorem 2.5.5 One-parameter subgroups of a group G are in one-to-
one correspondence with tangent vectors at the identity element of G.

In interpreting this theorem, we distinguish h(t) from, say, h(2t), even
though the images of the curves are the same. Unless otherwise stated,
the parametrisation is an intrinsic component of a one parameter sub-
group. Different parametrisations can be distinguished by their value at
t=1.

For matrix groups, tangent vectors of one parameter subgroups can
be easily computed. Indeed, if A(t) = (a;;(t)), then A’(f) is the matrix

A'(t) = (az;(1)).

Example 2.5.6 Let G = O(3) = {A € GL(3,R) : ATA = I}, that s,
the group of 3 x 3 orthogonal matrices. Let the one parameter subgroup

cost —sint 0
h(t) be given by h(t) = | sint cost 0
0 0 1
0 -1 0
Then the associated tangent vector vy = T ht)y={( 1 0 0
=0 0 0 0
Exercise 2.5.7 Show that
a . B .
cosh(ut) + — sinh(ut) — sinh(pt)
h(t) = K K

1 sinh(ut) cosh(ut) — a sinh(pt)
Il !
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is a one parameter subgroup of SL(2), that is, not only h(s)h(t) = h(s+
t) but also det h(t) = 1, provided u*> = o* + Bv. Show

Vi = .
v o

Show that any tangent vector at the identity of SL(2) has this form, that
is, has zero trace. Hint: differentiate det (A(t)) —1 =0 with A(0) = I5.

2.6 The infinitesimal vector fields

A rigorous discussion of the ideas in this section requires the concepts
discussed in Chapters 3 and 4. Fortunately, for many applications the
calculation of derivatives and tangent vectors is well defined from the
context. The informal discussion here is for these cases.

Definition 2.6.1 If h(t) is a one parameter subgroup of G acting on M,
so that vy, is as defined in equation (2.40), and supposing that differen-
tiation on M is defined, then the infinitesimal action of h(t) at z € M
1s the vector

d
Dy = — h(t) -
A\ dtt:O()Z

The infinitesimal vector field is the map,
Z= V2,
giving a vector at every point z.

See Figure 2.7. Note that “the infinitesimal action” is not a group action,
rather it is a action of the associated Lie algebra, which is defined in
Chapter 4.

Exercise 2.6.2 For a one parameter matriz group h(t) acting linearly
on the left (right) of a vector space V', show the infinitesimal action is
simply left (right) multiplication by the matriz vi,. Hint: the product
rule holds for the matrices.

Exercise 2.6.3 For a one parameter matriz subgroup h(t) C G acting by
left (right) multiplication on G, show the infinitesimal action is simply
left (right) multiplication by vy,.
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Fig. 2.7. The infinitesimal action of a one parameter Lie group gives a vector
field on M.

Example 2.6.4 Given a matriz Lie group G, the adjoint or conjugation
action of a one parameter Lie subgroup t — H(t) € G on all of G is

A(t) = H(t)""AH(t).

Since H(t)""H(t) = I and H(0) = I, we have that (H~')'(0) = —H'(0) =

—vg, and so the infinitesimal action is

d ~
- A(t) :AVH —VHA: [A,VH].
dt |,
If near z € M we have coordinates z = (z1,..., 2,), then h(t) - z =
(z1(t), 22(t), . .., zn(t)) and the infinitesimal action is calculated component-

wise. In the particular case of a prolonged action in J(X x U), the
infinitesimal action is calculated on the coordinates u% as

d —
— %(t).
dt t:OuK()

Vh~u?(:

Example 2.6.5 For the one parameter subgroup of SL(2) given in Exer-
cise 2.5.7, and the first of the actions of SL(2) given in Example 2.2.14,

. axr+b -
— 7 — d—be=1
:I: C.T—i—d’ y y’? a C
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we have that

Vh - ('rvyaym) = (20[1' =+ 6 - ’Y‘T25072y1(71‘ - O[))

The first two components follow directly from the group action as given,
while the third component follows from the prolonged action which is

_ 1 .
() = g cosh(ut) — (o —z) sinh(ut))?
where we have used p?® = a* + be to simplify the expression.

Exercise 2.6.6 Consider the one parameter subgroup of SL(2) given in
Ezercise 2.5.7, and the third of the actions of SL(2) given in Example
2.2.14. Calculate the infinitesimal action at (x,y,ys).

Recall for a function f on M we defined the induced action on f to
be (g- f)(z) = f(g-2) (Section 2.3.1).

Definition 2.6.7 For a differentiable function f defined on M and a
one parameter group h(t) acting on M, we define the infinitesimal action
on f to be

d

(i [)(z) = a&

f(n(t) - 2).

t=0
Thus if f : M — R and if in coordinates z = (21, 22, -+ , 2n) then

of

(i )(z) =

Vi - % (2.41)

Looking again at Example 2.6.5, for a given real valued function
f = f(@,y,ys) we have

of
o

(Vi )@y, y2) = 2ox +  — 7%2)% + 2y (yr — @)

Proposition 2.6.8 If f : M — R is an invariant of the group action
Gx M — M, then for every one parameter subgroup h(t) C G, vp-f = 0.

Exercise 2.6.9 Prove Proposition 2.6.8. Hint: f(h(t) - z) = f(2).

Definition 2.6.10 If vy, - f = 0 for every one parameter subgroup h(t) C
G, we say that f satisfies the infinitesimal criterion for invariance.
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Let’s look in detail at the infinitesimal action for a multi parameter
group. Suppose that aj,as, ..., a, are the parameters of group elements
near the identity element e, and that (z1,...z,) are coordinates on M.

Definition 2.6.11 Given a differentiable group action G x M — M,
the infinitesimals of the group action are defined to be the derivatives
of the z; on M with respect to the group parameters a; evaluated at the
identity element e, and are denoted as

0%

8aj g=e

= (. (2.42)

Definition 2.6.12 Given a group action of G on M = X x U, the
infinitesimals of the prolonged group action are defined to be the deriva-
tives of the {Li with respect to the group parameters a;, evaluated at the
identity element e, and are denoted as,

oz;

aa]— g=e

I~ o
— ¢ ut) o Oui
7 8aj g=e 77

=% .. 2.43
aaj g—e ¢K,] ( )

Keeping track of indices rapidly becomes tedious and so we usually
compile the infinitesimals in table form, with one row for each group
parameter and one column for each coordinate;

|:ci u®  uf%

aj | & 6% o%,

Exercise 2.6.13 For the action in Example (2.3.12), show the table of
infinitesimals is

r t u v urg Uk
0 0 —v u —vg ug
alO0 0 1 O 0 0
b0 0 0 1 0 0

A one parameter subgroup h(t) induces a path in the parameters as
t — a;j(t), 7 = 1,...,r near the identity element. Then defining o/,
j=1,...,r by

—|  aj(t) =ad, (2.44)
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the chain rule yields
ks
Vi 2 = Zg;aj.
j=1

Moreover for a differentiable function f defined on M we have
i Of
(Vi )21, 20 Zazz"h ZzZ( Cja_zi>'

3
Definition 2.6.14 For a differentiable group action G x M — M,
group parameters ai,as,...,a, near the identity element e, and z =
(z1,...2n) € M, the infinitesimal vector corresponding to the group pa-
rameter a; is defined to be

n . )
vi=Y_ Gar (2.45)
i=1 v
and hence

h = Zajvj. (2.46)
J

For readers unfamiliar with differential operators as vectors, see section
3.2.2.
The infinitesimal action of a prolonged one parameter subgroup h(t)

is, for o/ given in (2.44),
2.6

J

Vh o ut > o0 (2.47)
J

Vh u?{ = Z (b%(,j o’
J

The prolonged infinitesimal action on functions is obtained by apply-

Vp - 5

ing Definition (2.6.7) to functions on the prolonged space,

(- D) = Yo | ol v os L g o

5J [e% K.j «@
ou oug

(2.48)
while the infinitesimal vector corresponding to the 4t group parameter

7 1,0, K

a; defined in (2.45), for a prolonged action is

0

1,00, K
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Exercise 2.6.15 Consider the third of the SL(2) actions in Ezample
2.2.1/,

axr +b ~ 2 —
= + + 1.
T = - , y = 6c(cx + d) + (cx + d)7y, ,ad — be

Take local coordinates near the identity to be (a,b,c) so that e = (1,0,0).
Verify the table of infinitesimals,

| @ y Yo
a| 2z —2y —4y,
bl 1 0 0

c|—2* 642y 4wy, +2y

Show that this table, together with Equation (2.47) for the one parameter
subgroup in Fxercise 2.5.7, yields the results of Exercise 2.6.6. Hint:

(. 8,7) = (o}, 0%, a?).

Remark 2.6.16 Applying Definition 2.6.10 to the prolonged action is
the first step of Sophus Lie’s algorithm for calculating the symmetry
group of a differential equation. This algorithm is discussed in detail in
textbooks, for example (Bluman and Cole, 1974), (Ovsiannikov 1982),
(Bluman and Kumei, 1989), (Stephani 1989), (Olver, 1992), (Hydon,
2000), (Cantwell, 2002),  and we refer the interested reader to these.

The infinitesimals and infinitesimal operators defined above are all
with respect to given coordinates on M and given parameters describing
the group action. Coordinates are the reality of applying the theory and
writing software, but it is also important to have the geometric point
of view developed in the next two chapters. The full importance of the
infinitesimal vectors will become apparent in Chapter 4.

2.6.1 The prolongation formula

Given a prolonged action, it is not necessary to calculate 1?‘;7( in order to
calculate the infinitesimals ¢% ;.

In the simplest case where we have u = u(x), that is, one dependent
and one independent variable, we can obtain the infinitesimal action on
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Yy without calculating y, as follows. Observe that
duy, 0 (du ,dzx
Jg; dgj \dz/ dx

Az\?/dz 0 du du [ 0 dF
(@) (@8_%@ de (@@))
d#F\?/di d 9u du d OF
(@) (@@8_% - @@8_%)
since derivatives with respect to « and the g; commute. Evaluating this
at g = e, when dz/dz = 1, yields

d d
Pla)j = afb,j - uxafj, (2.50)

where we have denoted by [z] the particular index of differentiation
on u whose infinitesimal we are considering. Note that the derivative
operators in Equation 2.50 are total derivatives. This is important since
typically & and ¢ depend on the dependent variables.

Exercise 2.6.17 Adapt the calculation above to show that in the case
u = u(x), and K = [z...xz], with |K| terms, Kx = [zx...x], with
|K|+ 1 terms,

d d
PKz,j = aéf’K,j - UKzafj- (2.51)

Exercise 2.6.18 FExtend the calculation of the previous Fxercise to show
that if u=u(z,y), K =[x...zy...y], Kx = [zx...xy...y|, then

OKzj = DBxfﬁK,j - UKzDBxéf - UKy%&? (2.52)
where
=] 5 =]
gj lg=e gj lg=e
and
2224’_”34_“ i+u i‘i‘"'zi‘f'zuf(i
Dx Ox T Ou T Oy i Ouy ox = TOug

is the total derivative operator in the x direction. Find the matching

formula for ¢rcy. ;.

The formula (2.52) is a recursion formula satisfied by the ¢ ; in the
case of two independent and one dependent variables. A more general
result follows.
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Theorem 2.6.19 The ¢ ; in terms of the §;- and ¢ is
Oy = DN (0% =D ufe) + > Cuf, (2.53)

where DX is the total derivative of index K, u$ = 0u®/0x; and u$; =
ouly [ 0x;.

Exercise 2.6.20 Verify the table of infinitesimals given below for the
action

b
P @) = ),

where ad—bc = 1 in two different ways; by directly calculating ¢ ; from
Ux, and by using the formulae above:

U U Uz UKy
al 2 0 —2u, —4Uyy —2(|K|+ Duk,

b| 1 0 0 0 0

c|l—2% 0 22w, Avuge +2u, (K| +1)(2uks + |Klugk)

where | K| is the length of K.

The proof of Theorem 2.6.19 follows from iterative use of the chain
rule. These formulae and their derivations can be found in every text-
book on symmetries of differential equations, for example (Olver, 1993)
or (Bluman and Kumei, 1989), in a seemingly endless variety of nota-
tional styles. It is well worth taking the time to calculate a selection of
prolongations of infinitesimals, not only to be sure which index is which
in the preferred notation, but then to implement it in the preferred com-
puter algebra system. The software will be needed to do the calculations
in Chapter 5.

Exercise 2.6.21 Implement the prolongation formulae, Equation 2.53.
The input will be lists of dependent and independent variables, the in-
finitesimals & and ¢% and an index of differentiation K. The output
will be ¢p% .

Remark 2.6.22 Virtually every computer algebra system has a pack-
age that implements Lie’s algorithm to find symmetries of differential
equations, and all these have, of necessity, implementations of the pro-
longation formulae buried in them. A review of the software packages
available has been given by W. Hereman in (Ibragimov, 1996, Chapter
13); one recent package is (Carminati and Vu, 2000).



50 Actions galore

2.6.2 From infinitesimals to actions

We now state the major theorem of this section, that the one parameter
group action can be derived from the infinitesimals, at least for small ¢.

Theorem 2.6.23 The solution of the differential system

d _ e
T ¢'(2), i=1,....n

t (2.54)
E|t:0 =7

yields a (local) one parameter transformation group whose infinitesimals
are C*.

Typically the system can be solved only for ¢ in an interval about 0, in
which case a local action results. The proof of this theorem is given in
Chapter 3. In the particular case of a prolonged action, the theorem is
written as

Theorem 2.6.24 The solution of the differential system

d _ e

o = &(Z,u), i1=1,...,p

d ~ -

T = % (z,u), a=1,....q (2.55)
@0)|,_, = (z,u)

yields a one parameter transformation group whose infinitesimals are &'
and ¢%.

Note that the x; and the u® appear on the same footing in the ordinary
differential system (2.55). It is only when the induced action on the
derivatives is calculated that the u® are taken to be functions of the z;.

Remark 2.6.25 In applications where t is one of the existing indepen-
dent variables, we set the group parameter to be €.

The existence and uniqueness of the solution to first order ordinary
differential systems with given initial values is the key result, not only
to obtain (Z,u) but to prove the one parameter group property holds.
To describe this property for a transformation group, we need some
notation. Set Z(e) = z;. If we now take z; as our new initial value, we
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obtain the curve ¢ +— z1(d). The one parameter group action property
is then

21 = Z(€) = z1(0) = Z(e +0).

See Figure 2.8. A full discussion is given in Chapter 3.

Fig. 2.8. The one parameter group condition for a transformation group
means: if a point z “flows” for “time” e and then for “time” ¢, it arrives
at the same point as if it flowed for “time” § + e.

Typically, it is the infinitesimals that are given in an application, not
the group action. Since integrating systems like (2.55) is hard, we will be
trying to avoid this integration step as much as possible. One of the great
features of the moving frame theory is that so many of the calculations
can be done with only the infinitesimals. In addition, it is important to
ask yourself, for the particular application at hand, “if the integration
step can only be handled approximately, does an approximate solution
suffice?”

The uniqueness of the solution of the differential system implies that
if you start with a one parameter group action, obtain the infinitesimals,
and then integrate, you obtain the same one parameter group you started
with. If you don’t start with an action satisfying the one parameter
group property, then the solution of the system is a reparametrisation
of the group action that does satisfy it.

Exercise 2.6.26 Consider the scaling transformation T = X2z which is
an action of (RT, ), whose identity element is X\ = 1. Differentiating T
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with respect to X at A = 1 yields the infinitesimal £ = 2x.

[What to do.| Integrating the system dz/dt = 22 with initial condition
T=uz att =0 yields T = exp(2t)x. Show this is a reparametrisation of
the scaling transformation that satisfies the one parameter group prop-
erty.

[What not to do.] Integrating the system dx/d\ = 22 with initial condi-
tion T =x at A =1 yields ¥ = exp(2(A — 1))x. Show this is not a group
action of (RT,").

The purpose of the next exercise is to give the reader a taste of the
skullduggery required to solve a typical differential system and verify
Theorem 2.6.24 in practice. These infinitesimals arose in a study of
nonclassical reductions of the equation, u; = wug, + f(u), for f(u) a
cubic, (Clarkson and Mansfield, 1993).

Exercise 2.6.27 Find the group actions corresponding to the given in-
finitesimals,

| T t U
€ | 3utan(ux + k) 1 —p?(3u+ b)sec? (ux + k)

where u, £ and b are constants. (Since t is here an independent variable,
we use € for the group parameter.) Verify the group action property, and
show that T = exp(—3u*t) sin(ux + k) and J = (3u+b) tan(uz + k) are
moariants.

Solution to Exercise 2.6.27: We need to solve

T = 3ptan(ur + k)
te =1
e = —p2(3U+b)sec(u + k)

together with Z(0) = z, ¢(0) = ¢, w(0) = u. The first two equations are
easily integrated to give

sin(u + k) = exp(3pZe) sin(px + k), t=t+e

Back substituting e = ¢ — ¢ into the first expression and rearranging
terms, we obtain that exp(—3u%t)sin(uz 4 k) = exp(—3p?t) sin(u + &),
in other words, Z is an invariant. To verify the group action prop-
erty for the variable x, set x; = Z(e). Note that sin(ux; + k) =
exp(3p?e) sin(ux + £) and sin(uz; (0) 4+ k) = exp(3p?6) sin(uz; + ) and
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thus

ST 1) = PO snliz 1)
xp(3 u 8) exp(3u°e) sin(uz + k)
xp(3p° (e + 8)) sin(uz + )

sm( Z(e+9)+ k)

so that x7(0) = Z(e + J) as required (for small enough ¢ and €). Ver-
ifying the flow condition for the variable ¢ is trivial and is left to the
reader. To simplify the integration of the third equation, note that
Tee = 312 sec?(u + k)T, and thus the third equation becomes

3a€ o xee
3u+b F

which is easily integrated to give
¢ =T(3u+b) =3utan(uz + £)(3u +b)

where ¢ is a constant of integration. Thus the quantity J = tan(uz +
k)(3u + b) is an invariant; this necessarily has the same value for all
values of €, so we obtain

tan(pZ + k) (3u + b) = tan(px + £)(3u + b).

Solving this for u and back substituting for  in terms of € and z yields
the desired expression for wu(e) in terms of € and the initial position,
(x,t,u). Verifying the group property using this expression is, however,
not recommended. Instead, we use the invariant J. We have

tan(pzy (0) + £)(Bur(d) +b) = tan(uzy + k)(3ur + b)
by invariance of J
= tan(ux(e) + r)(3u(e) + b)
as x1 = Z(€), up = u(e)
= tan(uz(e+9) + k)(3u(e +6) +b)
by invariance of J
= tan(uz1(d) + £)(3u(e +9) + b)

using the group property for the variable x in the last step. Thus u7(d) =
u(e+0) as required. The invariance of J can also be checked directly by
noting that d7/de = 0, and similarly for the other invariant. We leave
this to the reader. (|
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In this chapter we examine briefly the details of the technical definition
of a Lie group. This chapter can be skipped on a first reading of this
book. Eventually, however, taking a small amount of time to be familiar
with the the concepts involved will pay major dividends when it comes
to understanding the proofs of the key theorems.

By definition, Lie groups are locally Euclidean, so we can use tools
we know and love from calculus to study functions, vector fields and so
on that can be defined on them. Thus, we study differentiation on a
Lie group. There are at least three important cases to consider. The
first involves understanding the intrinsic definition of tangent vectors.
These ideas inform every other understanding of a tangent vector, so
we do that first. A second and simpler line of argument is strictly for
matrix presentations, while a third treats tangent vectors as linear, first
order differential operators. We will need all three.

The major theorem we prove is that the set of tangent vectors at any
given point g € G is in one-to-one correspondence with the set of one
parameter subgroups of GG. After a discussion of the exponential map in
its various guises, we end the chapter with a discussion of concepts anal-
ogous to tangent vectors, one parameter subgroups and the exponential
map for transformation groups.

3.1 Local coordinates

The technical definition of a Lie group is that it is a smooth, locally Eu-
clidean space, such that the multiplication and inverse maps are smooth.
In this section, we describe what this all means.

Up close, every small enough piece of an n-dimensional Lie group looks
like a piece of R™ in the sense that one has coordinates, as in Figure 3.1.
Thus we say that Lie groups are locally Euclidean.

Definition 3.1.1 A chart or coordinate map for the Lie group G, is
given by an invertible map

¢:U(g) — oU(g)) C R",

where U(g) C G is a neighbourhood of g and ¢(U(g)) is an open subset
of R™ for some n. If in addition, ¢(g) = 0, we say the chart is centered
at g € G.



56 Calculus on Lie Groups

Fig. 3.1. Near every g € GG, one can define a system of coordinates centered
at g.

Remark 3.1.2 A subset U of R™ is open if for every x € U, there is
an € > 0 such that the e-ball, B.(z) = {y € R" ||z —y| < €} is contained
wholly within U. This requirement relieves us from considering singular-
ities of coordinate maps which occur at the boundaries of their domains
of definition, as well as ensuring that the image of the coordinate map
s fully n-dimensional.

The best known example of a locally Euclidean space which is not
globally Euclidean is the the surface of a sphere; think of the globe.
(What are the coordinate maps for the surface of the earth?) Unsur-
prisingly, the coordinate maps are known as charts and the set of all
possible charts is called an atlas.

In addition to coordinate charts existing about every point g € G, we
also need the charts to be smoothly coherent in the following sense.

Definition 3.1.3 We shall call a set of charts {(U;,¢;)|j € T} for an
n-dimensional space M a smooth atlas if

(i)
Uui=nm
ieJ
and

(ii) for alli, j € A such that domain(¢p;) N domain(p;) # 0, then the
interchange map, indexinterchange map

djod; " pi(domain(e;) N domain(¢;)) C R"—R"

s smooth, that is, infinitely differentiable, according to the stan-
dard definitions given in several variable calculus.
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One consequence of the definition is that the dimension of the image
space of the coordinate maps are all the same.

Definition 3.1.4 A space with a smooth atlas is called a smooth mani-
fold.

The second part of the definition of a Lie group is that multiplication
maps and the inverse map are smooth.

Definition 3.1.5 Given h € G, left multiplication by h is defined by
Ly : G—G, g hg

while Tight multiplication by h is defined by
Ry, : G—G, g — gh.

Definition 3.1.6 We say left multiplication is a smooth map provided
for every h € G and every pair of coordinate maps ¢;, ¢; satisfying

Ly, domain(¢;) N domain(¢;) # 0,

that the map ¢; OLhO(b;l 18 smooth, according to the standard definitions
of smoothness in several variable calculus, on its domain of definition.

The definitions for right multiplication and the inverse map to be smooth
are similar. Since multiplication is smooth, it follows that given coordi-
nates near the identity, we obtain coordinates near any element of the
Lie group using left or right multiplication. If U (e) is a neighbourhood
of e € G, then U(g) = gU(e) is a neighbourhood of g. Moreover, if
¢ : U(e)—R™ is a coordinate map, then ¢og~*
U(g). One can also use right multiplication; this will yield a different
chart in general.

is a coordinate map for

Definition 3.1.7 A Lie group G is a a smooth manifold which is also
a group, such that the multiplication and inverse maps are smooth.

Example 3.1.8 The unit circle, S* C C is a Lie group with multiplica-
tion,

exp(i6) exp(iv) = exp(i(6 + ).
For exp(if) € S*, and 0 < € < 7, take

U(exp(if)) = {exp(iy)) [ [0 — ¥| < €}
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and then the coordinate map ¢ centered at 0 is given by
p(exp(iv)) = ¢ — 0.

See Figure 3.2.

N

[ Nes)

Fig. 3.2. ¢:U(9)—dU(9)) CR, ¢(g) =0

Exercise 3.1.9 Consider the coordinate maps given in Example 3.1.8
above. For coordinate maps ¢o and ¢1 centered at 0y and 0, in S* C C
respectively, whose domains have non trivial intersection, show that the
interchange map is a translation,

$r0¢y (W) =1+ 0 — 01

Example 3.1.10 The 2-dimensional torus, S* x S', is a Lie group, with
the product multiplication,

(exp(if), exp(ip))-(exp(ix), exp(iy))) = (exp(i(f + X)), exp(i(p + 7))
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Exercise 3.1.11 Define a neighbourhood and a coordinate chart for any
element of S* x St see Figure 3.3.

Example 3.1.12 Elements of the Lie group SL(2,R) near the identity
are given by

a b
1+ be
c
a

since a is close to unity and is therefore non zero. Coordinates in this
neighbourhood of the identity I, centered at I, are then (for example)

a b
b : 1+bc | — (a—1,bc)eR3
C
a

Exercise 3.1.13 Write down coordinates for a neighbourhood of any
element of SL(2,R) by first using left (or right) multiplication to take
the given element to the identity, followed by a coordinate map at the
identity. Given two such charts, what is the interchange map?

Exercise 3.1.14 Write down coordinates for elements of SO(3) near
the identity, using both angles and the Cayley parametrisation. (Fdssler
and Stiefel, 1992; page 83)

3.2 Tangent vectors on Lie Groups

Using the system of coordinates we can talk about tangent vectors on G.
Given the wealth of ways Lie groups present themselves, the naive view
of a tangent vector as an arrow sitting on a surface is not particularly
helpful, unless you happen to have a surface such as a 2-dimensional
torus. Instead, the best way to think of a tangent vector is in terms of
paths; to obtain a tangent vector, take a smooth path and differentiate
it.

In standard Differential Topology, one differentiates the image of the
path under a coordinate map, since differentiation of a path in R™ is
well defined. But it is enough to think of the path itself as representing
the vector; this is the so called intrinsic definition of a vector. For Lie
groups in their matrix representation, one can describe tangent vectors
using matrices, taking advantage of the fact that the set of n X n ma-
trices is a linear space. Finally, we look at tangent vectors as first order
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differential operators. These last two descriptions are particularly useful
in applications.

Definition 3.2.1 A smooth path with basepoint g € G is a map v :
[—¢,¢] € R—G for some € > 0, such that v(0) = g, and wherever
maps into the domain of a coordinate map ¢, them ¢ o v is a smooth
curve in R™.

While we have defined a path as a map, we also speak of its image
~v([—¢€,€]) C G as being the path, depending on the context.

Fig. 3.4. A coordinate map centered at g takes each path through g to a path
through 0.

If v: ¢t ~(t) CU(g) C G is a path with basepoint g € G, and ¢ is
a coordinate map centered at g, then ¢(y(t)) is a path with basepoint
0 € R™. The path ¢ o v has a tangent vector at 0 € R"™ given by
v = (¢o7)(0). The idea is to think of a vector at g as a curve based at
g, and to differentiate it in coordinates to produce a traditional vector
when necessary. Unfortunately, more than one path at g leads to the
same v in R™. In order to have a technically rigorous definition of a
tangent space, we need to view as equivalent all paths giving the same
vector in R"™ under the same coordinate map. The equivalence relation
is pictured in Figure 3.5.

Definition 3.2.2 Two paths v1 , v2 C U(g) both with basepoint g, that
is, satisfying g = v1(0) = 72(0), are said to be equivalent at g, v1 ~ 2,
if for some coordinate map ¢ with g € domain(o),

d

d
E t:O¢O’Y1 = % t:O¢072
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Note that part of the definition of equivalence is that their basepoints,
7i(0) are equal. The equivalence class of v is denoted [v].

Paths that are equivalent in one coordinate chart are equivalent in
every coordinate chart; since ¢; 0y = (¢10¢ 1) oo, the result follows
by applying the chain rule.

#(n)
I b(72)

Fig. 3.5. Paths are equivalent at g if their tangent vectors at ¢(g) are equal.

Definition 3.2.3 The tangent space at g € G, denoted T,G, is the set
of all equivalence classes of smooth paths ~v with basepoint g = v(0).

Theorem 3.2.4 The tangent space T,G is a linear space.

Indeed, let ¢ be a coordinate map centered at g, that is, ¢(g) = 0. If 4,
72 are paths with basepoint g then define y; + 2 to be the path

¢ pom+domn)
and for k € R, define kv to be the path
¢~ (kd o).

Note that 71 + 72 and kv have their basepoints at g.

Exercise 3.2.5 Check that if v1 ~ v and o ~ 5 then (v + 72) ~
(v1+75). Similarly, if v ~ " then (kv) ~ (ky'). Conclude that addition
and multiplication by a scalar are well defined on equivalence classes.
Hence prove Theorem 3.2.4.

If M and N are manifolds and f : M — N is a map, then a smooth
path v on M maps to a path fo~y on N.
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Definition 3.2.6 We say f is differentiable at x € M if the tangent
map

Tzf : TmM — Tf(z)N, [’y] = [f ] ’7]

is well defined. If T, f exists for every x € M, we say f is differentiable
on M and write the tangent map as Tf : TM — TN, where T f(v) =
T.(v) forve T, M.

In coordinates, f is differentiable at x if for every differentiable path
based at x € M, the path f o~ is differentiable on N. The tangent map
is then

Fig. 3.6. The definition of the tangent map 7% f, which sends the vector [y] at
x to the vector T, f([7]) = [f o] at f(=).

Recall that for G to be Lie group, left multiplication (Definition 3.1.5)
must be a smooth map.

Exercise 3.2.7 Show that
v~y = hy~hy
Conclude left multiplication induces a map
Tyl : TyG—TheG, 7] = [P

If h is sufficiently close to the identity so that hg € U(g), then we can use
the same coordinates to examine both v and h-y. Then TyL; (defined
in Exercise 3.2.7) is represented by the Jacobian of ¢pLj¢~':

d = o ot i o
G| #otner®=DwoLios™) | (@on()

Similar remarks apply to right multiplication and the inverse map.
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3.2.1 Tangent vectors for matrixz Lie groups
If the Lie group is represented by matrices, then since the space M, (R)
(M, (C)) of n x n matrices with real (complex) coefficients is linear, we
can differentiate a path in M,, without needing a coordinate map;

(a5 0) = (@ (0)).

dt],_,

Thus, for example, differentiating paths in SO(2), we obtain

d cosf(t) —sinf(t) \ [ —sinf(0) —cosf(0) ,
dt|,_, ( sinf(t)  cos(t) ) N ( cos0(0)  —sinf(0) )9 (0)

where multiplication of a matrix by a scalar is understood to be
c(aij) = (caij).
For a matrix group, the tangent map to left multiplication T'L 4 is still
actually left multiplication by A, since
d

dt

AB(t) =44

B(t)
—o dt

t=0

for every path B(¢) in the group.

Exercise 3.2.8 Show that the tangent space at the identity of the Lie

group SO(2) is
T.(SO(2)) = {< (c) _OC > |c€R}.

Hint: let ¢ = 0'(0). Show that the tangent space at an arbitrary element
of A € SO(2) is given by

TA(SO(Q)):{A-(S BC ) |ceR}:{(2 I)d )-A|deR}.

Show that T4(SO(2)) is a linear space.

Exercise 3.2.9 From A(t)A(t)™' = I, find a formula for (A=) (t) in
terms of A’'(t). Note that taking the inverse and differentiation are not
commutative operations. If A(0) = I, show (A~')'(0) = —A'(0). Hint:
the product rule is valid for matrices.

Exercise 3.2.10 Prove that the tangent space at the identity of SU(2)
b

consists of matrices of the form ( al_) ), where Re(a) = 0. Hint:
-b —a
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— o

recall from Example 2.1.11 that A € SU(2) means that A = ( @ B )

with o@ + BB = 1. Differentiate a(t)a(t) + B(t)B(t) =1 at t = 0, and
set a(0) =1, 3(0) =0, &’(0) = a and 3'(0) =b.

Exercise 3.2.11 The unitary group U(n) is the set of n x n invertible
complex matrices given by

U(n)={U € GL(n,C|UTU = 1,}.

Prove that the tangent space at the identity of U(n), which is denoted
u(n), consists of matrices which satisfy the equation AT +A =0. Show
this set of matrices is a vector space. What is its dimension? Hint:
differentiate U(t)T U(t) = I,, with respect to t and set A = U’(0).

3.2.2 Some standard notations for vectors and tangent maps
in coordinates

Vectors understood as paths is the all purpose notion from which all
the others derive. In R™, that is, in coordinates, one can calculate the
derivative of the path to obtain the standard notion of a vector as an
element of R™ together with a base point. Usually the base point is
implicit.

If we have a vector V(z) at every point z € U C R", then the basepoint
for the vector V(z) is z, and we say the map z — V(z) is a vector field.

There are three standard notations for vectors in coordinates. The
first is as a row wvector, used for graphical purposes.

Example 3.2.12 Plot the vector field on R?, given by V (x,y) = (—y, )
and show it is the infinitesimal action of the usual action of SO(2) in
the plane.

A second notation is as a column vector, used when doing multi vari-
able calculus. For example, the derivative of a function f : R? — R? in
the direction of the vector V(z,y) = (—y,z)" is

- (£ 5)(7) e

Exercise 3.2.13 To see how (3.1) relates to the definition of a tangent
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d
map, let y(t) = (cos(t)x — sin(t)y, sin(t)x + cos(t)y), so that % ~(t) =
t=0

d
V. Compare (3.1) with e f(y(t)) expressed as a column vector.
t=0
The third notation is as a differential operator. Thus V (z,y) = (—y, )
is represented by

V(z,y) = —y0y + x0y.
More generally,
(Vi(2), ..., Vo(2) = V10, + -+ V3,0, -

We then have that the derivative of a function f : M — R in the
direction V' is V().

Exercise 3.2.14 Show V(f) = Df(V), where on the left, V is in oper-
ator notation, while on the right, V is a column vector.

Remark 3.2.15 Some authors take the operator notation for a vector
as the starting point for the definition of a vector as a derivation on
the set of smooth functions C*°(M,R) to itself (where “smooth” means,
in effect, that a derivation can act). A deriwation v is a linear map
satisfying v(fg) = v(f)g+ fv(g). This definition lacks the intuition and
the computational “nous” inherent in the “vectors as curves” view, and
hides from view the multi variable calculus needed to compute anything.

There are times, however, when the operator notation has a computa-
tional advantage. If a function F' is an invariant of a group action and
V' is the infinitesimal action, then with V' in operator notation, we have
V(F) = 0. In other words, we can write the condition for F to be in-
variant as a differential equation. Further, the operator notation will
prove extremely useful in calculating the Lie bracket of two vector fields
discussed in the next chapter.

We next consider the tangent map in coordinates. We already saw an
example in Exercise 3.2.13 which we now generalise. Consider f : M —
N in some coordinate chart, and suppose V is expressed as a column vec-
tor. Then the tangent map T, f is given by the Jacobian of f evaluated
at w.

Definition 3.2.16 If the map f is given in local coordinates as

xr = ($1;$2a---awn) = (f1($)5f2($)a’fn(‘r))
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then the Jacobian of f evaluated at x is the matriz

1o gl
‘TQI 12‘2 o 1271,
Df(x) _ 1 2 n
Indeed, if V = +/(0) = (71(0),...~,(0))”, then
R N
!
d T ) e Tn ’72(0)
9 au=prro= | T ,
t=0 : : S :
A ¥ (0)

by the chain rule.

Calculating tangent maps is a little trickier in operator notation. We
use the fact that if x : M — R is a scalar function, then V(x) = Dx(V)
(Exercise 3.2.14) and thus

(DfV)(x) = Dx(Df(V)) = D(xo f)(V) =V(xef)
For example, if V' = v10, + v20, is a vector on R? and f : R? — R?,

then by the chain rule,

(DfV)(x) = V(fox)
(vify +v2fy))0p + (v f2 +v2f))0p2)x  (3:3)
= (V(fH9p +V(f)Ip)x-

It can be seen that the change of basepoint is encoded in the indices of
the new operators.

Exercise 3.2.17 Let X = 0, and Y = x9, be vectors at v € R. Show
that if f : R — R is the exponential map, f(x) = y = exp(x), then
Df(X)=y0dy and Df(Y) = ylog(y)0,.

3.3 Vector fields and integral curves

To prove the main theorems of this chapter and the next, we will need
the notion of an integral of a vector field.

The idea of a vector field is familiar to anyone who has seen a weather
map depicting, at each point in some region of the earth’s surface, the
direction and magnitude of the wind. Both the direction and magnitude
vary smoothly over the region, and it is not hard to imagine that a speck
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of dust, dropped into the atmosphere at some point, will be carried along
by the wind and thus trace out a path parametrised by time ¢. This
path is called the flowline or integral curve of the vector field passing
through the initial point, where the speck was released. The set of such
paths represent the intuitive notion of the integral of the vector field. In
this section we consider vector fields whose components do not depend
explicitly on time. Such vector fields are called autonomous.

Remark 3.3.1 Non autonomous vector fields can be converted to au-
tonomous ones by extending the base space M to M x R, setting t to be
the new coordinate, and extending vectors v to (v,1) (row notation) or
v + 0; (operator notation). Thus the theorems we describe here can be
extended to the non autonomous case.

Vector fields are maps from M to the tangent bundle of M, which we
now define.

Definition 3.3.2 The tangent space of a manifold M is
TM = U T, M.
zeM
Coordinate charts (U, ¢) on M extend to coordinate charts on T'M,

o(y(t))) € R™ x R"™ where
t=0

with [y] € T,M mapping to (¢(z)
n = dim(M).

d
dt

Remark 3.3.3 It is not true in general that the tangent space to a
manifold M is the product M x R™. The standard counterexample is the
2-dimensional sphere; if TS? were equal to S* x R?, then there would
exist a vector field on S* which is everywhere non-zero; this is famously
false by the “Hairy Ball Theorem”. (Munkres, 1975; Theorem 10.4)

Definition 3.3.4 A vector field on the manifold M is a map
V:M-—TM, V(z) e T, M.

On the space M itself, at any given point, we think of a vector as being
represented by an equivalence class of curves, so a vector field gives a
class of curves at every point. Under a coordinate map, a vector field
can be represented in the traditional way by an arrow at every point.

Example 3.3.5 Show that there exist everywhere nonzero vector fields
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on Lie groups. Hint: show there is an everywhere non zero wvector
field by taking a vector V at the identity and considering the map g —
TcRy(V'). This implies that for Lie groups, TG = G x R" where r =
dim(G). (Hirsch, 1974; Exercise 4, page 92.)

Definition 3.3.6 A flowline or integral curve of a vector field V- on M
is a path T : s — M such that for every s € R, V(I'(s)) ~ I'(s). (Recall
Definition 3.2.2.) A flowline for V satisfying T'(0) = z is denoted by
either s — T'Y (2) or if V is understood, by s +— T'(z, s).

Remark 3.3.7 It can happen that integral curves are not defined for all
s € R, in which case the vector field is said to generate only a “partial
flow”. As an example, consider the vector field on R given by V(z) =
220y, for which TY (x) = /(1 — sx). Thus one can prove only that a
flow exists for s in some open interval about 0 € R.

J /)

Fig. 3.7. Flowlines for an intrinsic vector field on M are everywhere tangent
to representative paths at their base points. In (i) are shown arbitrary rep-
resentative paths of vectors. In (ii), the flowlines themselves represent the
vectors at every point (some shown in bold for illustrative purposes).

Integral curves for a vector field, with intrinsically defined vectors, are
depicted in Figure 3.7. A coordinate map ¢, with domain &, maps V to
a vector field V on ¢(U4) C R", depicted in Figure 3.8, by taking

— d

V(g(z)) = 5| ¢0®),  V(z) =Dl

t=0
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Fig. 3.8. Flowlines for a vector field in R

A vector field is continuous if its components in any coordinate system
are continuous functions. We state the theorem guaranteeing existence
and uniqueness of integral curves of continuous vector fields in its usual
form, that is, in coordinates. The integral curves on M are obtained by
pulling back the flowlines guaranteed by the theorem for the vector field
in R, via the coordinate maps. Uniqueness of the flowlines means that
integral curves in different coordinate patches match up, so that they
can be continued over all of M.

Theorem 3.3.8 (EUSODE) Given a continuous vector field V in an
open neighbourhood U C R™, then for each x € U, there exists a unique
integral curve s — I'(x, s), for s in some open interval about 0 € R, such
that

(i) disF(z, s) =V({I(z,s))

(ii) T'(xz,s) is once more continuously differentiable with respect to x
than the components of V.

(i1i) T'(x,0) =z all x

Remark 3.3.9 Theorem 3.5.8 is the Existence and Uniqueness of Solu-
tions of (first order) Ordinary Differential Equations (EUSODE) with a
given initial value. The best proofs require only continuity of the compo-
nents of V' and use the Arzela Ascoli Theorem, see for example (Brown,
1993; Theorem 1.1). The significance of this result, its utility and the
depth of its proof, cannot be overestimated.
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Theorem 3.3.10 Integral curves satisfy the flow equation,
L(C(z,s),r) =T(z,r +5),

that is, if you flow for time s, and then flow for time r, the result is the
same as flowing for time r + s. If the flows are only partial, we need to
assume that T'(z,r + s) is defined.

Fig. 3.9. The “flow equation”, I'(I'(z, s),r) = I'(x,r + s).

Proof The flow equation follows from the fact that the two curves
y1 1= T(T(x, 8), 1), Yo :r—D(x,s+7)

both satisfy the same differential equation and the same initial condition,
and hence are the same curve:

71(0) = F(F(wa s), 0) = F('T’ S) = 72(0)

) = D), 1) = X O, 5),7) = X(n(07)

o) = s 1) = Xy (o, + 1)) = X(a(0)

O

The flow equation means that integral curves of vector fields on M
define actions of the Lie group (R,+) on M. Partial flows define only
a local group action. This does not help to find the integral curves of
course, but it does mean that a rich source of actions is available for
finding counterexamples to conjectures concerning how orbits of actions
are embedded in M.
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3.3.1 Integral curves in terms of the exponential of a vector
field

If the vector field is analytic, then its flow can be understood in terms
of a series expansion as follows. Writing the vector field in operator
notation, so that for any analytic function f, the functions v°(f) = f,
v(f), v2(f) = v(v(f)) and so on are defined, we further define exp(tv)
for t € R to be the operator given by

exptv(f) =Y lt"vn(f). (3.4)

n!
n=0

Note the value z € M at which these expressions are evaluated is im-
plicit. Assuming the series converges and can be differentiated term by
term, it is straightforward to show that

%exptV(f) = v (exptv(f)),

since v is linear. Since further exp(0)(f) = f, we suspect that exp tv(f)
is the value of f on the integral curve of the vector field of v at time
t, with initial value being the implicit . The next theorem gives the
explicit relationship between exptv and I'}.

Theorem 3.3.11 The series exptv(f) is the Taylor series of f o T},
since

d’n
| ferr =) (3.5)

for alln > 0 and for n =0 we have v°(f) = f = foT}y.

Taking f to be the coordinate functions x; yields the integral curve in
coordinates. By and large, it is often far easier to solve the differential
system for the flow given in Theorem 3.3.8 than it is to sum the series
into closed form. But for analytic vector fields, useful information for
small ¢ can be obtained.

Exercise 3.3.12 Show the series (3.4) converges and can be differenti-
ated term by term, provided both f and the components of v are analytic.
Hint: Taylor series for analytic functions converge and can be differen-
tiated term by term.

Exercise 3.3.13 The constant vector field v = 0, defined on the real
line has for its flow, T'Y (x) = x 4+ t. Show that exp(tv)(f) is the Taylor
series of f(x +1t) based at x.
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Exercise 3.3.14 The linear vector field v = ax0, defined on the real
line has for its flow, T} (x) = exp(at)x. Verify Equation (3.5) forn =1,
2 and 3 for arbitrary analytic f. Taking f(x) = x show that the series
is indeed the Taylor series for exp(at)x based at x.

Exercise 3.3.15 Prove Theorem 3.3.11.

3.4 Tangent vectors at the identity versus one parameter
subgroups

We can now state and prove the following major theorem.

Theorem 3.4.1 Let G be a Lie group. There is a one-to-one correspon-
dence between one parameter subgroups of G and tangent vectors at the
identity e € G.

A one parameter subgroup h(t) C G satisfies h(0) = e and thus defines
a path through e. Hence, these subgroups define tangent vectors in 7. G.
It is the converse of the theorem that requires proof: given any v € T.G,
there is a unique one parameter subgroup hy(t) whose tangent at e is
v. The map v +— hy(t) is called the exponential map and is discussed in
greater detail in the next section.

Example 3.4.2 Recall Example 2.5.4. For every tangent vector v =
(a, B) at the identity e = (1,0), there is a one parameter subgroup hy (t)
such that hl,(0) = v. The path traced out by hs in H, and its corre-
sponding tangent vector at t = 0 is depicted in Figure 3.10.

! e=(1,0)

Fig. 3.10. The curve t — hs3(¢) in G.
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d d
Note —|  hs(t) = (o, 3) is valid for all « # 0, and T hi(t) =

dt
(0,0). Tiiug, for any vector v € R?, we have a one pammetérosubgroup
hy(t) passing through e with tangent vector v at t = 0. The theorem
proved in this section is that this subgroup is unique. Note: there are
infinitely many paths through e with tangent vector («, 3). Only one of
them is a one parameter subgroup.

Proof The proof of Theorem 3.4.1 hinges on the fact that left (or right)
multiplication by h maps any vector v € T.G to a vector in T, G. Indeed,
given [y] € T.G then for any h € U(e), we have T'Ly([y]) = [h-7] € T1,G.
Denote by

Xyt G—TG, g [gon]

the vector field defined by left multiplication of the vector [7].

Tuey -
S h2’7\\\‘ ¢ \/ /

' . 7 J/

Fig. 3.11. The vector field created by left multiplication of a vector at e.

Next, note the components of X[,)(g) vary smoothly with g i.e. are
differentiable, because group multiplication is assumed to be smooth.
Applying Theorem 3.3.8, we obtain I'(e, s), the flow line of X[, satisfying
I'(e,0) = e. Then we claim that

h(s) =T(e, s) (3.6)

is a one parameter subgroup of G. Since h(0) = e by construction, we
need only to prove that

h(s)-h(r) = h(s+r).
Let
~v(t) =T(e,t), [t] < e
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represent the tangent vector at e of the path h(s). For any fixed s
there are two paths at h(s) which represent the vector h'(s), namely
t +— h(s)~y(t) and t — T'(I'(e,t),s). Similarly for fixed r we have two
paths representing the vector of the flowline at h(r)-h(s), namely ¢t —
h(r)-h(s)y(t) and t — T(T'(T'(e, t),s),r). But this last is equal to t —
I'(I'(e, t), s+r) which also represents the vector of the flowline at h(r+s).
Since vectors which are equal have the same basepoint, it must be that
h(r)-h(s) = h(r + s).

Finally since a flowline through a point is unique, there is a unique
one parameter subgroup for each v € T.G. O

3.5 The exponential map

Definition 3.5.1 The map v — hy which sends a vector in T.G to the
one parameter subgroup h., constructed in the last section and which
satisfies, in coordinates,

1s called the exponential map.

If G is a matrix Lie group and A € T,G, then the vector field X4
constructed in the previous section is simply

X4:G—TG, Xal(g) = Ag,

d d
since if A = Tl v(s), then = szo(v(s)g) = Ag as the product rule

.
holds for matrix multiplication. The one parameter family associated to
A, found in the previous section, solves the differential equation,

d
Sh(t) = AR(D),  B(0) = 1.

The solution is given formally as
1

1
=T +tA+ =t?A?
h(t) +tA+ 5t + 3

1

PA% e S A (3.7)
n!

and thus unsurprisingly, we write

h(t) = exp(tA).
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Exercise 3.5.2 Show from the series expansion (5.7) that exp((r +
s)A) = exp(rA)exp(sA). Hint: calculate

exp((s — t)A) exp(tA)

dt],_

assuming term-by-term differentiation and the product rule hold.

Exercise 3.5.3 The matrices

0 1 i 0 0 i
fl:(1 0)’ f2:(0 z) f‘”’:(i 0)

are all in T,SU(2). Find exp(tf;), i = 1,2,3, and verify that each forms
a one parameter subgroup of SU(2).

The exponential map provides a map
exp: T.G — G, exp(v) = hy(1),

also called, for better or worse, the exponential map. There exists § > 0
sufficiently small, such that exp is injective on the set of vectors with
norm less than 4. This provides one means of obtaining coordinates for
G centered at e.

3.6 Associated concepts for transformation groups

Given a transformation group 7, it is not always obvious which Lie
group G lies behind it, in the sense that 7 is a presentation of G. If
the transformations are only local, the problem of deciding for example,
what is the manifold of 7, is even worse. Fortunately, we can define
concepts analogous to tangent vectors and the exponential map, staying
within the conceptual framework of transformations on a space M.

Recall that a transformation group 7 is a group whose elements are
invertible maps of a specified space M to itself. The action of 7 on M
is evaluation; for h € 7T,

TxM— M, (h,2) — hxz=h(z).

The group product is composition of mappings, and the identity element
of 7 is the identity map on M, id|p. A path h(t) C 7 based at the
identity, so that h(0) = id|as, yields for every z € M a path in M based
at z, denoted variously as

h(t) * z = h(t)(2), he(z) or h(t,z)
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according to context to ease the exposition. Thus a path h(t) C 7
through the identity yields a vector field on M,

d
— h(t T.M.
SO
If M has local coordinates z = (z1,. .., z,), we have
d
T h(t)(z1y .y 2n) = (G1(2),. .., Cu(2))
t=0

for some functions (; is the vector field in coordinates; these are the
infinitesimals which are the components of the “infinitesimal action”
discussed in Section 2.6.

Definition 3.6.1 We say two paths in T based at the identity transfor-
mation are equivalent if the vector fields they generate on M are equal;
in coordinates, if their infinitesimals are equal.

Conversely, given a vector field V on M, the flow map z +— T} (2)
yields a one parameter transformation group hy (t) = I'Y on M. Indeed,
applying Theorem 3.3.8, we have

hv(s) o hv(t) =T} () =T, = hv(s +1)

by the flow condition. The flow may generate only a local one parameter
transformation group, since hy (t) may not be defined for all ¢, only
for t sufficiently close to 0. By the uniqueness of the flow maps given
by Theorem 3.3.8, we have proved the following theorem, analogous to
Theorem 3.4.1.

Theorem 3.6.2 Equivalence classes of paths in the (local) Lie transfor-
mation group T based at the identity transformation are in one-to-one
correspondence with (local) one parameter subgroups of T .

An example of a one parameter flow obtained by integrating the in-
finitesimal vector field is given in Exercise 2.6.27.

Definition 3.6.3 The space of vector fields on M is denoted X (M).
The subset of vector fields generated by the transformation group T is
denoted X7 (M).

Theorem 3.6.4 If M is a manifold and T a transformation group on
M, then both X(M) and X7(M) are vector spaces.
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Proof Vector fields are maps ¢ : M — T (M), and each T, M is a vector
space. Thus the set of vector fields X' (M) with addition and scalar
multiplication defined point wise is also a vector space.

To show X7 (M) is a vector space, let (1, (2 € X7 (M) be the infinites-
imals for the paths hy(t), ha2(t) C 7 based at the identity map. Then
(1 + (o is the infinitesimal for the path hq(t) o ho(t) C 7, while if k € R,
then k¢ is the infinitesimal for the path h(kt) C 7. O

It is now hopefully clear that:
the object analogous to T.G for a transformation group T is X7 (M),
since it is a vector space whose elements generate the one parameter
subgroups of T .

We can now write down a rigorous definition of the infinitesimal ac-
tion, given for one parameter Lie groups in Definition 2.6.1.

Definition 3.6.5 If the element v € T.G is represented by a path ~(t)
in G based at the identity e, that is, v(0) = e and v'(0) = v, then the
group action G x M — M defines a map

T.G — X (M), vi— Xy

where
d

Xvl@) = dt l=o
and which we will call the infinitesimal action of G on M.  The vector
field X is called the infinitesimal vector field corresponding to the path
~(t) C G.

A similar definition holds for an element v € X7(M).

v(t) -z e T,M

Note the infinitesimal action isn’t actually an action of either G or T.G
on M. However, the flow of the so called “infinitesimal vector fields”
give the action.

Exercise 3.6.6 Show that Xy is well defined, that is, does not depend
on which representative path v for v is used.

If we apply the Theorem 3.6.2 to the action of a Lie group on itself,
given by left multiplication, then we obtain Theorem 3.4.1. Using right
multiplication leads to the same theorem, although the vector fields to
integrate are different. More interesting is applying the above to the
conjugation (or adjoint) action (see Exercise 2.2.10),

GxG— @, (g,h) — g~ thg,
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a typical example is considered in the next exercise.

Exercise 3.6.7 Suppose that G is a matriz group with identity I, so
that the product rule for differentiation holds. Let A(t) be a path in G
based at I, and consider

B(t) = A(t) ' BoA(t), B(0) = By.
Show

d —1 41
T B =B, A0 () (3.8)

where [P,Q] = PQ — QP s the usual matriz bracket, see also
Ezxample 2.6.4, and
o Aty TA'(t) € T1G for all t.

Bracket equations like Equation (3.8) arise for example in mechanics, the
most famous example being the spinning top. Thus, solving the system
B'(t) = [C(t), B(t)] where B(t) € G and C(t) € T1G, involves solving
the simpler system A'(t) = A(t)C(t) for A(t); one then has B(t) =
A(t) T By A(t).
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In the previous chapter, we discussed the tangent structure on a Lie
group, and the relationship between the set of one parameter subgroups
and the tangent space T.G at the identity element. The most striking
feature of the tangent space at the identity of a Lie group is the existence
of a natural product, called a Lie bracket, so that T.G is an algebra; the
Lie algebra of the Lie group.

Since Lie groups arise in different formulations, so does the appear-
ance of the bracket in the Lie algebra. However, they all follow from the
one formula for the Lie bracket of two vector fields on R™ which we con-
sider in the first section. The geometric formulation of it looks unusable
in practice, so we “deconstruct” it to make it easily computable, prove
some of its properties and discuss the all important Frobenius Theo-
rem. We then derive the Lie algebra bracket for a general Lie group
in §4.2, giving details in the two main cases of interest, matrix groups
in §4.2.1 and transformation groups in §4.2.2. Although many authors
simply give the formulae for the Lie bracket in these two cases as the
definition of the Lie bracket, and readers only needing to compute can
skip straight to these formulae, it is both interesting and helpful to know
that in fact they are both instances of the same geometric construction.
Since so many of the proofs are straightforward if one knows about the
underlying construction and almost impossible if one doesn’t, leaving
out the basic underlying structure of the Lie bracket would have been
counterproductive.

In section §4.2.2 we discuss the so called Three Theorems of Lie, as
originally formulated for transformation groups. Their historical signif-
icance is immense and they inform all and any understanding of a Lie
group action. We then prove an important formula that will be central
in proving the symbolic formulae for the differentiation of invariants in
Chapter 5.

Finally in §4.3 we examine the Adjoint action of both matrix and
transformation groups on their Lie algebras. A beautiful application of
the latter will appear in Chapter 8 where we discuss variational methods
and Noether’s Theorem.

Notation f
A generic vector field on a manifold will be denoted X or Y.

1 It was not possible to please all my colleagues regarding notation for vectors and
vector fields, since the notations in use are mutually exclusive. Some authors use
X and Y for g -z and ¢ - y, others use X and Y for infinitesimals. Many use V'
for a vector field, while others reserve V' to denote the scalar corresponding to
potential energy, and instead use f for a field. The language used here consistent
with textbooks in Differential Topology, and (Olver, 2003).
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An infinitesimal vector field will be denoted v or w.

The infinitesimal vector field corresponding to the group parameter a
will be denoted v,.

The vector field obtained by the action of a one parameter group h will
be denoted vy,.

An element of T,G will be denoted v or w .

A generic point in M or R" will be denoted z. In many applications, z
will denote the generic point (z,u, u%) in a jet bundle.

4.1 The Lie bracket of two vector fields on R".

Recall that if X is a vector field on R"™, then the flowline or integral
curve of X passing through z is denoted ¢ +— T'}* (2) and satisfies

M) =z STE(E)=XTEG),

and [T =T\ ; see Theorem 3.3.10, and Figure 3.9.

Definition 4.1.1 If v(s) is a path in R™ based at z, so that
~v(0) = z, 7'(0) € T,R",
then the Jacobian of the flow map T is
DT¥ : T,R™ — T,R", y=T%(2)
1s defined by

d
prEe) = |

I (v(s)).

Thus, if a vector field X = (X1, X2) on R? has integral curves t +—
TX(21,20) = (Fi(21, 22,t), Fa(21, 29,1)), then with vectors represented
as columns,

OF, R
0z1 029 /(O)
X7 7 T
DI (4/(0)) = gggg(%@)
621 622

Exercise 4.1.2 Using 'Y, 'Y (2) = Tt (2) = z, deduce using the chain
rule

(Drix)_l - = DT, |rx (.
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We will also need the Jacobian of a vector field. In theory, this lies in
T(T M), the tangent bundle of the tangent bundle. In practice, we note
that the derivative of a path of vectors in R™ can be identified with a
vector in R™.

Definition 4.1.3 Given a vector field X : M — T M on M, and a path
s — (s) on M based at z, the Jacobian of the vector field X in the
direction v'(0) is defined to be

DX((0) = | X((s)).

dsls=0
Example 4.1.4 Representing vectors as columns, the vector field X =
(Xl(Zl,Zg),XQ(Zl,ZQ))T on R? has Jacobian in the direction 7' (0) =
(71(0),95(0))" given by

oxi ax,
won_ A () Y_ [ P 9= | o
pxe/o) =gl ( X0 ) X X (2 )
621 622

Exercise 4.1.5 Noting differentiation with respect to the flow parameter
t and the coordinates z; on M commute, and assuming X is a differen-
tiable vector field, show

d

—|  DIY(¥(0) = DX(v'(0)).

2|, prEeo) = px (o)

Now let two vector fields X and Y be given, with integral curves
I';¥(2) and T} (2) respectively through a given point z. Consider Figure
4.1, which shows the integral curve I'Y(z) and the vectors Y (z) and
Y (T;¥(2)). The map (DT;*)~! takes any vector at the point ' (2) to a
vector at z. Define

V(t) = (DI{) Y (07 (2)). (4.1)

Then V(t) is a path of vectors based at z, with V(0) = Y (z). The Lie
bracket of X and Y is, by definition, the derivative of V'(¢) at ¢t = 0.

Definition 4.1.6 (Lie bracket of vector fields) If X and Y are
vector fields defined in a neighbourhood of z and X has an integral curve
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Fig. 4.1. Construction of the Lie Bracket of the vector fields X and Y.

t v T7X(2) through z, then the Lie bracket [X,Y] at z is defined to be
the vector

X, Y)) = S| (0r¥) Yy (e)) (42)

t=0

The formula (4.2) requires serious “deconstruction” before we can do
anything with it. For example, it is not apparent that [X,Y](z) =
—[Y, X](2), although this turns out to be true. Also, it seems that we
need to find the integral curves for X in order to calculate [X, Y], which
fortunately turns out to be false for differentiable vector fields.

The deconstruction process requires the vector fields to be at least
once continuously differentiable, while the proofs of the properties of the
bracket require higher orders of differentiability. To keep the exposition
simple, we will assume that the vector fields we consider are smooth.

Theorem 4.1.7 If X and Y are smooth vector fields, then

[X,Y](2) = DY (X(2)) — DX (Y (2)). (4.3)

Proof Define V (t) as in equation (4.1). We seek [X,Y] = V'(0). We
have then

DTV (t) = V(T (2)), (4.4)

The left hand side is the product of a matrix DI" and a vector V (¢), while
the right hand side is the composition of Y with FtX . Thus applying d/d¢t
to both sides, by the product rule on the left hand side and the chain
rule on the right, we obtain

(Pr%) v + DV = DY (X )



84 From Group to Algebra

where we have used (d/dt)T;*(z) = X(I';(z)). Since derivatives with
respect to space and time coordinates commute, we have

d d
DI = DTN = DX () = (DX)(DTY)

where the last equality follows from the chain rule. Thus,
DriVv'(t) = DY (X(I{(2))) — DX(Y (I (2))) (4.5)

where we have used equation (4.4) to simplify the final term. At ¢ =
0, I‘,gx is the identity map, and thus so is its Jacobian map, while by
definition, V'(0) = [X,Y](z). Hence, setting ¢ = 0 in equation (4.5)
yields the result. O

First let’s calculate equation (4.3) in coordinates, representing X and
Y as column vectors. If

fi(2) g1(2)
X(z)= : , Y(z) = (4.6)

and if y(s) is a path based at z so that 7/(0) = (2}(0),---,2.,(0))" is a
vector at z, then

DX((O) = | XG(5)
os
a—zjzj(o)

021 Oz, z{(O)
ot 0 |\ 200

(92’1 8zn
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and hence the Lie bracket

(X, Y](2) =

0z1 Ozn bil 021 0zn, g1
Ogn . On fa Ofn . Ofn 9n
0% Oz, 071 0z,

(4.7)

Exercise 4.1.8 Given two vector fields on R® with coordinates (x,y, z)
expressed as column vectors, X = (y> + z,2,2>)T and Y = (922, 2z +
1,22 +y*)7T, show that

1 2y 0 0 0 18z
DX = o 0 1|, DYy=| 2 0 0
322 0 0 20 2y 0

and hence that [X,Y] equals
(18232 —92% —2y(22+1), 2(x+y?) — 22 —y?, 22 (x +y?) + 2yz — 272%22) 7.

Definition 4.1.9 Representing the vector fields X and Y in (4.6) as

operators,
7] 7]
X=) fiz—  Y=) gi5-
D lig D95,

define the product XY to be the operator (XY )(¢) = X(Y(9)) for any
sufficiently smooth function ¢, (we assume the domains of ¢, X andY
are such that X (Y (¢)) makes sense).

It is a straightforward calculation to check that the right hand side of
equation (4.7), in operator form, is given by

(X, Y]=XY -YX (4.8)
since the second order derivative terms always cancel.
Exercise 4.1.10 Ezpressing the vector fields in Fxercise 4.1.8 as opera-

tors, so that X = (y* +2)0, + 20, + 230, and Y = 92%0, + (22 +1)9, +
(2% 4+ y2)0., verify

XY —YX = (182%2 — 922 — 2y(22 + 1))0,+
2(z +y?) — 2% — y*)9y, + (2z(x + y*) + 2yz — 272°2%)0,
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which is [X,Y] in operator form.

The formula (4.8) allows easy proofs of the following properties of the
Lie bracket of vector fields.

Theorem 4.1.11 The Lie bracket of smooth vector fields
1. is skew symmetric, [X,Y] = —[Y, X],
2. is bilinear, [aX; + bXs2,Y]| = a[X1,Y] 4+ b[ X2, Y] where a, b € R,
3. satisfies the Jacobi identity,
(X, Y, Z]| + [V, [Z2, X]| + [Z,[X, Y]] = 0. (4.9)
Moreover,

4. if [ and g are differentiable functions from the domain of the
vector fields x and Y, to R, then

[fX,9Y] = fglX, Y]+ [X(9)Y — gV ()X, (4.10)
where (fX)(2) = f(2)X(2).
Exercise 4.1.12 Prove Theorem 4.1.11.

Definition 4.1.13 Suppose there exists a differentiable function f from
the domain of the vector field X to the domain of vector field X', such
that

X'(f(2)) = Df(X(2)).
Then we say that X and X' are f-related.

We showed in Section 3.2.2 how to calculate Df(X(z)) in coordi-
nates. It is not the case that the image of a vector field under a Jaco-
bian map is always a vector field; if f(z') = f(2?) then it is necessary
that Df(X(z')) = Df(X(2?)), else Df(X) is not well defined (is multi
valued).

Theorem 4.1.14 Suppose f is a differentiable function from the domain
of the vector fields X and Y to the domain of vector fields X' and Y’
such that both

X'(f(2))=Df(X(2),  Y'(f(z))=Df(Y(2))
Then
(X", Y'](f(2)) = Df([X,Y])(2). (4.11)
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In words, if X and X' are f-related, and 'Y and Y’ are f-related, then
[X,Y] and [X', Y] are f-related.

Proof To differentiate X'(f(2)) = Df(X(z)) in the direction of Y, we
use the chain rule on the left and the product rule on the right, as D f
is a matrix. We then obtain

DX'(Df(Y)) = D*f(X,Y) + Df(DX(Y))) (4.12)
where D? f(X,Y) in coordinates is a vector whose i"" component is
ani

T . N kyrt
Y Hessian(f") X = 3 6zk8z€X Y

where f(z) is the i component of f(z). It can be seen that D*f(X,Y) =
D?f(Y, X) as the partial derivatives commute. Similarly,

DY'(Df(X)) = D*f(X,Y) + DF(DY(X)).  (4.13)

Subtracting equation (4.13) from (4.12) yields
DX'(Y') — DY'(X') = Df(DX(Y) — DY (X)),
the desired result. Il
Example 4.1.15 Let R have the coordinate (z),and set X = 0, and
Y = 20, to be two vector fields on R. Let f: R — R be the exponential
map, f(x) =y =exp(z). Then [X,Y] = X, and using Ezercise 3.2.17,
X'(y) =0y, Y'(y) = ylog(y)d, and
(X, Y')(y) = X'(y) = Df (X (x)) = Df([X,Y](x))

as required.

(i) [X,Y] =0 (i) [X,Y] #0

Fig. 4.2. Flows commute if and only if their Lie brackets are zero, Theorem
4.1.16.
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Theorem 4.1.16 Given vector fields X and Y, then [X,Y] =0 if and
only if thfz = FZFtX. In words, the bracket of X and'Y 1is identically
zero if and only if the flows they define commute; see Figure 4.2.

Proof First assume [X,Y] = 0. Then (DF,&X)71 (Y(I'{¥(2))) is a con-
stant, which can be obtained by its value at t = 0. Now '\ (z) = z for
all z, so Dl“g( is the identity map, and thus

Y (0¥ (2)) = DI (¥ (2)

for all z and ¢. Now consider the map,

G:(s,t) = TY (T (2)). (4.14)
Then
oG
| = DIYY (I} (2))
= V(T ()
= Y(G(s,to)).

So for fixed s, G(s,t) satisfies the definition of the integral curves for Y,
namely,

d
EG(S,t) = Y(G(s,t))
with initial condition
G(s,0) =TX(2).

Thus,

G(s,t) =T} (I (2)). (4.15)

Comparing (4.14) and (4.15) we have proved the flows commute.
Conversely, assume T'Y 'Y = I'XT'Y. Differentiating both sides with
respect to s at s = 0 yields Y/(I';* (2)) = DI, (Y (2)) so that

(Dr¥) 'Y (1 () = Y(2).

The right hand side is independent of ¢, so that differentiating again
with respect to ¢ yields [X,Y] = 0. OJ

We will use the result in the following exercise in Section 5.6.
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Exercise 4.1.17 Show that [X,Y] = =Y if and only if
PXTY e =T/ T

exp(—s
Hint: adapt the proof of Theorem 4.1.16. Generalise the result to the
case [X,Y] = \Y.

We can extend Theorem 4.1.16 to sets of pairwise commuting vector
fields, which we assume to be linearly independent. Thus, suppose X7,
Xo, ..., X} are point wise linearly independent vector fields defined near
z with

(X, X;]=0, i,ig=1,...
Define

¢: (.. te) = TRt T (2),
with ¢(0) = z. Then, by the commutativity of the flows, we have

99
o, X;((t))-

Hence ¢ represents an invertible transformation from a neighbourhood
of 0 € R* to a surface in R™ containing z. On this surface, we can use

(t1,...,tx) as coordinates, and in these coordinates,
0
X, = —.
o

The surface is called an integral element of the vector fields X;.

It is not necessary for vector fields to pairwise commute for an integral
element to exist. The necessary and sufficient condition is given in the
Frobenius Theorem which we discuss next.

4.1.1 Frobenius’ Theorem

This Theorem is a key ingredient in understanding how the orbits of a
group action foliate the space on which the group acts, so we investigate
it in detail. We assume linearly independent, and in particular non zero,
vector fields, but not just for simplicity, it’s the case we need.

Definition 4.1.18 Suppose X, ..., Xy are linearly independent vector
fields on U C R™ such that for each i, j there exist functions cfj U —-R
so that

X5, X;)(2) =D e (2) Xa(2). (4.16)

k
(=1
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Then we say the vector fields X1, ... X} are in involution.

Pairwise commuting vector fields are in involution, as are their linear
combinations with variable coefficients, by Theorem 4.1.11 (4).

Exercise 4.1.19 In R? with coordinates (z,vy,2), show that X, = y0, —
20y, Xo = 20, — x0y are not in involution.

Definition 4.1.20 Let X1, ... X} be linearly independent vector fields
defined on U C R™. Let P(z) C T, M be the k-dimensional plane spanned
by the X; at z. Then the set

P={P(z)|zeU} CcTuM

is called the k-plane field generated by the X;, illustrated in Figure 4.3.
If the X; are in involution, we say P is involutive, and by virtue of
Frobenius’ Theorem below, we also say P is integrable.

Fig. 4.3. Three elements of a 2-plane field in R?

Frobenius’ Theorem provides a “trivialisation” of an involutive k-plane
field in the form of a foliation chart map. The foliation map sends the
k-plane field P to the trivial k-plane field tangent to the parallel planes,
R* x (Cm+1,---,Cn) where the ¢; are constants, see Figure 4.4. In other
words, there is a change of coordinates such that in the new coordinates,
one can take for a basis of the plane field the vectors 9; = 9/0t;, for
i1=1,... k.
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\A
2y \F

Fig. 4.4. The image of a k-plane field under a foliation chart map ¢.

Definition 4.1.21 The coordinates (t1,ta,...,tx) such that a basis for
a given involutive k-plane field is 0; = 0/0t;, fori=1,... k, are called
canonical coordinates for that plane field.

Remark 4.1.22 C(Classical methods to solve invariant ordinary differ-
ential equations often relied on finding these coordinates. The use of
moving frames makes this difficult step unnecessary. Canonical coordi-
nates are important from the theoretical point of view. They give a clear
picture of how group orbits foliate a space, locally, near a point where
the action is non singular.

The preimage under ¢, of the parallel planes giving the k-plane field in
the canonical coordinates, are the integral elements of the vector fields
X, that is, are surfaces to which the X; are tangent, see Figure 4.5.
These surfaces can then be seen to foliate the space in the same way
that parallel planes foliate R™.

Exercise 4.1.23 Consider R\ {0}, with coordinates (x,y,z). Let X
andY be two linearly independent vector fields that are orthogonal to the
radial vector field v = x0, +y0y+20.. Show that X, Y are in involution.
What are the integral surfaces? Hint: show DX(Y) — DY (X) is also
orthogonal to r.

Theorem 4.1.24 (Frobenius’ Theorem) Suppose that the vector
fields X1, ... Xg are in involution in U. Let P be the k-plane field
defined by the X;. Then for each z € U there exists a neighbourhood
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N\
@@h%@

Fig. 4.5. The preimage of a coordinate k-plane under the foliation map ¢ is a
surface to which the k-plane field is tangent.

U(z) C U about z, and a diffeomorphism ¢ : U(z) — R™ such that
{P(y) |y € U(z)}, the k-plane field generated by the X;, is given by

P(y) = (T¢)71’¢(y) (Rk X {0}) (4-17)

for ally € U(z). The map ¢ is called a foliation chart for P.

Proof Suppose such a diffeomorphism exists. Define

)
—1 .
Y; = (T¢) \My)a—%, i=1,...k

where (z1,22,...,2,) are the coordinates on R". Then by Theorem
4.1.14, we have [Y;,Y;] = 0. Since the X, are linear combinations of the
Y;, the involutivity condition follows from Theorem 4.1.11 (4).

The converse is proved by induction on k. If kK = 0, there is nothing to
prove. If k = 1, then the result follows from the existence and uniqueness
of integral curves of vector fields, Theorem 3.3.8, see Exercise 4.1.25.

Let I'; be the flow map for Xj.

Claim 1 The flow I'; determined by X; preserves the set of k-planes
{P(z)]z € UY;

TT:P(z) = P(T+(2)) (4.18)

where TT is the tangent map to I'; (recall in coordinates TT; is DT,
the Jacobian of T';.) See Exercise 4.1.26.

Claim 2 Let W be an n — 1 dimensional surface through z such that
I': (—ee) x W — U(z), (s,y) — Ts(y), is a diffeomorphism onto a
neighbourhood U (2) of z, see Figure 4.6. Let P(y) = P(y)NT,W. Then
any set of vector fields spanning the set of planes {P(y)} satisfies the
involutivity condition, Equation 4.16. See Exercise 4.1.27.



4.1 The Lie bracket of two vector fields on R™. 93

Claim 3 The foliation chart ¢ for {P(y)} on W, which exists by the
inductive step, can be extended to a foliation chart on U(z) =~ (—¢, €) x
W. Indeed, set ¢(T'vy) = (¢,9(y)). See Exercise 4.1.28. O

Flowlines for X

Fig. 4.6. Diagram for Claim 2, Proof of Frobenius Theorem.

Exercise 4.1.25 Prove the existence of a foliation chart in the case of
a single non zero vector field X . Hint: Let W be a plane through z such
that X (z) ¢ T.W. Then any point Z in a neighbourhood of z is of the
form x = Tg(w) for some w € W and some s € R. Consider the map
H(TX (w)) = (s,w) taking a neighbourhood U(z) onto (—e,e) x W for
some € > 0. See Figure 4.7. We have P(zZ) = RX(Z) and Ty(P(z)) =
R x {0} C T(sw)(—¢€,€) x W. The fact that ¢ is a foliation chart, that
is, satisfies Equation (4.17), follows from

R- %qﬁ(r‘f (w)) = R-TH(X (DX (w)) = To(P(2)). (4.19)

Exercise 4.1.26 Let X1, ..., X, satisfy the involutivity condition,
equation (4.16), let P(z) be the k-plane spanned by the X; at z, and
let T' be the flow map of X1. Let

ui(t) = DD(X;(T4(2))).

Then u;(0) = X;(z). Use Theorem 4.11 to show that

d
3| ui = DT (X0, Xi)(Da(2))).
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Flowlines for X

Fig. 4.7. Diagram for Exercise 4.1.25. The 1-plane field is the set of tangent
spaces to the flowlines.

Hence show the u; satisfy a first order linear system of differential equa-
tions, whose solution exists by the Fundamental Eristence and Unique-
ness Theorem for ordinary differential equations. Show that u;(t) €
P(Ty(2)) follows from the uniqueness of the solution and the initial con-
ditions, and hence prove Claim 1.

Exercise 4.1.27 Prove Claim 2. Hint 1: It suffices to find one set of
vector fields spanning the set { P(y) |y € U(z)} satisfying the involutivity
condition. Hint 2: Set X!(y) = X; — ai(y) X1 for some function a; :
U(z) — R.

Exercise 4.1.28 Prove Claim 3. Hint: Adapt the proof from FExercise
4.1.25, but using Equation (4.18) proved in Claim 1 in (4.19) in place
of the one parameter flow condition.

4.2 The Lie algebra bracket on 7T.G

In the previous section, we defined the Lie bracket of vector fields on R".
Here we consider the Lie bracket of vector fields on a manifold, specif-
ically, our Lie Group G, which is used to define a Lie bracket on T.G.
We then consider the details for matrix Lie groups and transformation
groups.

Exercise 4.2.1 Let X and Y be vector fields defined on a manifold M.
In each coordinate patch, [X,Y] can be defined using the method of the
previous section. Show that [X,Y] is well defined as a vector field on the
whole of M. Hint: Use Theorem 4.1.14 with f = ¢; o qu_l.
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Definition 4.2.2 Given v, w € T.G, the Lie bracket [v,w] € T.G is
obtained as follows:

Step 1. Fztend v and w to vector fields v, w on all of G by left

d
multiplication: if v = d—‘ v(s) € T.G then
S1s=0

s:Og : ’Y(S) € TgGa

and similarly for w.
Step 2. Calculate [v, @).
Step 3. Define

[v,w] = [V, W](e) € TG, (4.20)

that is, the Lie bracket of the vector fields U, w evaluated at the
identity element.

Theorem 4.2.3 The Lie bracket on TG is skew-symmetric, bilinear,
and satisfies the Jacobi identity.

Proof The first two properties follow trivially from that of the Lie
bracket of vector fields. In order to prove the Jacobi identity, we note
that by construction, the vector field ¥ constructed in Step 1 above is
Lg-related to itself for all g € G, where Ly : G — G is left multiplication
by g. By Theorem 4.1.14, we have

—

[v,w] = [v, W]. (4.21)
Since for v, w, r € T.G we have [0, [W,7]] + [w, [F,0]] + [, [0, w]] = 0,

o~

applying (4.21) yields [v, [w,r]] + [@, [r,v]] + [, [v,w]] = 0. Evaluating
this last at the identity element yields the result. 1

Remark 4.2.4 Note that the Lie algebra bracket is not associative. The
Jacobi identity replaces associativity in any calculation.

Definition 4.2.5 The Lie algebra g associated to a Lie group G is
defined to be T.G, the vector space of tangent vectors based at the identity
element of G, together with the bracket gx g — g, (v,w) — [v,w] defined
in (4.20).

The next definition collects some standard names for some classical
Lie algebras.
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Definition 4.2.6 The Lie algebra associated with GL(n) is denoted
gl(n), the Lie algebra associated with SL(n) is denoted sl(n), the Lie
algebra associated with SO(n) is denoted so(n), and so forth. We
denote by gl(V') the set of all linear maps from the vector space V' to
itself.

In the next section, we will prove that gl(n,F) = M, (F), the set of all
linear maps from F" to itself.

More generally, an algebra L whose product is bilinear, skew sym-
metric and satisfies the Jacobi identity, is called a Lie algebra, in which
case the product is called a bracket, even when there is no apparent Lie
group G for which L =T.G.

We give now some important definitions of the Ad, ad actions, and
also for Lie algebra homomorphisms and representations. These will be
illustrated in the next two subsections, where we discuss the details of
the Lie bracket for matrix Lie algebras and the concepts analogous to
Lie algebra and Lie bracket for transformation groups.

There is an important action of G on g induced by the conjugation
action, G x G — G, (g,h) — g~ 'hg.

Definition 4.2.7 Let v(t) be a path based at e so that v(0) = e, v'(0) €
T.G =g. Then define the Adjoint action Ad of G on g by

d -1

Ad: G A0) = — t)g. 4.22
Xg—g, gv()Hdtt:Og v(t)g (4.22)

Remark 4.2.8 The conjugation action is also called the adjoint action
of G on itself.

Further details of the Ad action for the specific case of matrix Lie
algebras is given in Equation 4.26, and for transformation groups in
Definition 4.3.1.

Exercise 4.2.9
(i) Show Ad is well defined, that is, if 71 (0) = ~v5(0) then
d

d
-1 -1

g = — t)g.
o tzog 71(t)g % tzog Y2(t)g

(ii) Show Ad is a right action.
(i) Show Ady : g — g, given by Ady(v) = Ad(g,v) is a linear map.
(iv) Show g - [x,y] =[g - x,9-y]. Hint: use Theorem 4.1.1/.
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Definition 4.2.10 If g, h are Lie algebras with Lie brackets [, g and
[, ]y respectively, and ¢ : g — b is a linear map, we say that ¢ is a Lie
algebra homomorphism if for all x, y € g,

o[z, ylg) = [¢(x), ¢(y)]p-

If in addition t = gl(V') where V' is a vector space and [A, Bly = AB —
BA, the usual matriz Lie bracket, we say that ¢ is a representation of
g. A Lie algebra homomorphism ¢ is said to be an isomorphism if ¢
is a bijection. A Lie algebra representation is said to be faithful if it is
injective.

Since g is a vector space, the set gl(g) of linear maps g — g is well
defined. The Ad action induces a representation of g in gl(g), also called
the adjoint representation.

Definition 4.2.11 Let v € g = T.G be represented as a path ~(t)
through e € G, and let w € T.G. Then we define the adjoint represen-
tation of g in gl(g) to be

d
ady:g =g,  ady(w) = | Adyp(w).
t=0

Exercise 4.2.12 Show ad,, is well defined. Hint: apply standard argu-
ments from multivariate calculus in coordinates.

Theorem 4.2.13 For v, w € g =T.G,

ad,(w) = v, w]. (4.23)

Proof Let v, w € g = T.G be extended to vector fields ¥, @w on G as in the

definition of the Lie Bracket, so that [v,w] = [0, w](e). Then representing
_ d L
v by — I}, we have ad,(w) = — (DTY)~tw(TY (e)) = [v,w).
dt|,_, dt|,_,
d

Remark 4.2.14 For an arbitrary Lie algebra, not necessarily equal to
T.G for some Lie group G, equation (4.23) is taken as the definition of
the adjoint action of the Lie algebra on itself.

Exercise 4.2.15 Prove that ad : g — gl(g), ad(x) — ad,, is a linear
map, that is, ad(x +y) = adyty = ady + ady, = ad(x) + ad(y), and
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ad(Ax) = adry = Aady, = Aad(x). Show further that ad is a representa-
tion of g by showing that

ad([z,y]) = adj,,) = adyad, — adyad, = ad(x) o ad(y) — ad(y) o ad(x)

4.2.1 The Lie algebra bracket for matrixz Lie groups

Theorem 4.2.16 If G is a matriz group and A, B € g, then
[A, B] = AB — BA,

the standard matrix bracket.

Proof For A, B € T.G, extending these to vector fields E, B on all of
G by left multiplication yields

A(g) = g4, B(g) = gB

where the products gA, gB are obtained by the standard multiplication
of matrices. Recalling the discussion in §3.5 (where A was denoted X 4,
we have changed the notation to ease the exposition), we have

I'H(g) = gexp(tA)

and thus
B(r{(g)) = gexp(tA)B.
Now
Dri(0) = | i) =7/(0) expltA)

and thus the inverse of Dl";Z is right multiplication by exp(—tA). Hence
(DT B(I'(e))) = exp(tA) B exp(—tA).
Finally, we have
d
[A,B] = T exp(tA)Bexp(—tA) = AB — BA
t=0

as required. O

There is an enormous literature on matrix Lie algebras, solvable, nilpo-
tent and semisimple Lie algebras, the classification of semisimple Lie
algebras, their representations, root spaces, and so forth. The examples

we describe here will be used in the later chapters, and give an idea of
the kinds of calculations we will be needing.
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Exercise 4.2.17 Consider the group G = SL(2) of 2 X 2 matrices with
determinant 1. Show that an arbitrary element in a neighbourhood of
the identity is

a b
g(aabac): 1+bC
C
a

By differentiating g with respect to the parameters at the identity, that
is,a=1,b=c¢=0, show that a basis for T,G = s((2) is

o= (U 1) o= (00) ae(D %) wa

Hint: adapt the argument of Fxercise 3.2.10. See also Fxercise 2.5.7.
This basis is sometimes called the Chevalley basis and the names h, e
and f are standard, although there are many others in use, particularly
in the physics literature. A common one is

_ (00 . (00 o (1 0
(o) ea) el B)

These are sometimes labelled as J~ (%) and so on, to indicate that the

[

dimension of the representation is 2 (%) + 1.

Since the Lie bracket is bilinear, it suffices to give a “multiplication
table” for the basis elements. In this case show

[,] | h e f
h 0 2¢ —2f
e | 2 0 h
f 2f —h 0

where for example the (1,2) entry means [h,e] = 2e.

Exercise 4.2.18 Show that the map ¢ : s1(2) — gl(3) given by

b 2a c 0
qﬁ( ¢ ) = -2 0 -2
“ 0 —b 2a

is a faithful representation of sl(2). That is, ¢ is linear, injective, and
o([A, B]) = ¢(A)p(B) — ¢(B)p(A) for all A, B € s1(2), see Definition
4.2.10.
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Exercise 4.2.19 The group SL(3) is the group of 3 X 3 matrices with
determinant equal to 1. Write the generic element as

a b c
g=1| d e f (4.25)
h k ¢

Solving det(g) = 1 for £, back substituting into g and then differentiating
respect to the parameters at the identity, a =e=1,b=c=d = f =
h =k = 0, yields a basis for sl(3). For example, the basis element
corresponding to the parameters a and h are

10 0 000
00 0 |, wh=|000
00 -1 100

v(a) = 99
id

respectively. Find all eight basis elements and construct the Lie bracket
multiplication table. How many copies of sI(2) can you find inside s1(3) ¢
Hint: A less obvious one is the adjoint representation of s1(2) constructed
i Fxample 4.2.27.

Exercise 4.2.20 Find a basis and the Lie bracket multiplication table
for the Lie algebra of the group SE(2) of rotations and translations in
the plane, by considering its standard matrix representation,

cosf —sinf a
9(0,a,b) = | sinf cosf® b
0 0 1

Exercise 4.2.21 Let I be the 2 x 2 identity matriz and let J be the

4 x 4 matriz
- 0 I
J= < o ) |
Define the symplectic group Sp(2) to be the set
Sp(2) ={Ac GL(4)|ATJA = J}.

Show that Sp(2) has dimension 10 and the that the Lie algebra T.(Sp(2)) =
sp(2) is given by

sp(2) = {X €gl(4)| XTT+JX =0}.
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Hint: adapt the proof of Exercise 3.2.11. Show that a typical element of

sp(2) has the form
A B
c -A"

where A is an arbitrary 2 X 2 matriz and B and C' are both symmetric,
that is, B = BT and C = CT. Hence write down a basis for sp(2).
Consider the 6 dimensional subgroup H of Sp(2) that fizes the vector
(100 0)T under left multiplication. Show that the Lie algebra b of H
sends (1 0 0 0)T to zero under left multiplication. Write down a basis
for b and construct its Lie bracket multiplication table as in FExample
4.2.17. Show b = a® b where a = sl(2), b is a solvable Lie algebra (see
Definition 5.6.7) containing an element that commutes with all of b and
if v €a,y€b then [z,y] €b.

Exercise 4.2.22 Let I be the 2 x 2 identity matriz and let S be the

4 X 4 matriz
(0 L
5= < Lo ) .
Define the orthogonal group O(4) to be the set
O(4) ={AcGL(4)|ATSA = S}.

Show that O(4) is a group of dimension 6. Show that the Lie algebra
T.0(4) = o(4) is given by

0(4)={X cgl(4)| XS +SX =0}.

Show that a typical element of 0(4) has the form
P AK
uk —pPT

-1
(1) 0 >, A i € R and P is an arbitrary 2 X 2 real matrix.

Hence write down a basis for o(4).

where K = <

Exercise 4.2.23 Ezercise 4.2.22 continued. Show that ¢1, s : s[(2) —
0(4) given by

B A 0 a b o (IIQ bK
¢1(A)_(0 AT)a ¢2(C a)_(cK a]z)
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are representations of s((2). Show that any element in 0(4) can be written
in the form ¢1(A)+¢2(B) for some A, B € o(4). Show that ¢1(sl(2,R))N
¢2(sl(2)) = {0}. Show that [¢p1(A),d2(B)] = 0 for all A, B € o(4).
Conclude that

0(4) = sl(2) @sl(2).

Exercise 4.2.24 Show that R® is a Lie algebra with bracket being the
standard vector cross product. Construct the Lie bracket multiplication
table. Show that a change of basis to make the table the same as that for
s((2) requires complex coefficients. Is R® isomorphic to either of s{(2,C)

orsl(2,R)? Is C? with the vector cross product isomorphic to either of
sl(2,C) orsl(2,R)?

The Ad action for matrix groups, see Definition 4.2.7, is readily calcu-
lated for matrix groups. Since the product rule of differentiation holds
for matrices, we have for fixed g € GG that

Ady g — g, Ady(B) = g ' By. (4.26)

Exercise 4.2.25 Let G = SL(2). Calculate Ady on the standard basis
of sI(2) given in Exercise 4.2.17, for generic g.

Exercise 4.2.26 Show directly from Definition 4.2.11 that if g is a
matriz Lie algebra then

ada(B) = [A, B],
thus confirming Theorem 4.2.13 for matriz Lie algebras.

In the next Example, a matrix representation of the adjoint action of
5[(2) on itself is calculated.

Example 4.2.27 Let g = s((2). Considered as a vector space, sl(2) is
three dimensional. So, gl(g) can be viewed as the set of 3 x 3 matrices.
Recall the basis for sl(2) given in Example 4.2.17. Let

1 0 0
h—| 0 ], e— | 1|, f— 1| 0
0 0 1
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Looking at the Lie bracket multiplication table for sl(2), we need the
matriz representing ady to be such that

1 0 0 0 0 0
adh 0 = 0 5 adh 1 == 2 5 adh 0 == 0
0 0 0 0 1 -2
and thus
0 0 O
ady = 0 2 0
0 0 -2
Similarly,
0 0 1 0 -1 0
ade = -2 0 0 |, adg = 0 0 O
0 0 O 2 0 0

It can be checked that
ladp, ade] = ad[p ¢ = adse = 2ade
and so forth.

Recall the definition of a faithful representation.

Definition 4.2.28 A representation ¢ : g — gl(V') is said to be faithful
if ker ¢ = {0}, that s, if ¢(x) = 0 implies x = 0.

A faithful representation can always be constructed, a result known as
Ado’s Theorem. The construction begins with the adjoint representation
as this representation exists for every Lie algebra. Clearly ad, is the
zero map if and only if z € g commutes with every element of g, so
the challenge in constructing a faithful representation is to include such
elements, see (de Graaf, 2000) .

4.2.2 The Lie algebra bracket for transformation groups, and
Lie’s three theorems

In section 3.6, we argued that given a transformation group 7 acting
on a manifold M, then the concept analogous to the tangent space at
the identity element is the subspace X7 (M) of the set of all vector fields
X(M) on M.

We briefly recall the construction of X7(M). Let ~(t) be a path
based at the identity of 77; this is a set of smooth invertible maps of M



104 From Group to Algebra

parametrised by ¢, such that v(0) = id| s, the identity map on M. Then
~(t) induces a vector field X on M as follows:

se X()= S A0).
t=0
The set of all such vector fields for all paths based at the identity in 7°
is denoted by X7 (M). In §3.6 we proved that X7 (M) is a vector space,
and that the induced flows were in 7.
The central content of §4.1 can be summed up as the following theo-

rem.

Theorem 4.2.29 The space of vector fields X (M) on M is a Lie algebra
with the bracket being the Lie bracket defined in (4.2).

The first theorem we prove in this section is known as Lie’s second
theorem.

Theorem 4.2.30 (Lie’s second theorem) If 7 is a transformation
group of M, then the vector space X7(M) is closed under the Lie bracket
of vector fields, and hence is a Lie algebra.

Proof 1f X, Y € X7(M) then I')X, T} € 7 for s, t near 0. Hence
his,t)= (T) ' TYTX eT
and h(0,t) = idas, for all ¢ near 0. Therefore
0

Js

Since Xr(M) is a vector space over R and therefore is closed under

= (Dr¥) " Y (T)) € Xr(M).

limiting processes,

d xy—1 x
T (DT7)  Y(T) € Xr(M)

and in particular, [X,Y] € X7 (M). O

It is important to realise that the dimension of a Lie algebra of vector
fields has nothing to do with the dimension of the space on which they are
defined; this will be become clear when we look at the examples below.
First of all, the vector space X' (M) is said to be an “infinite dimensional”
Lie algebra since we allow the vector fields to have coefficients that
vary with . For example if M = R and we restrict to analytic vector
fields, then writing the generic vector field f(x)d, in terms of the Taylor
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coefficients of f, it can be seen that a “basis” of the analytic part of
X (M) is given by {z"0, |n =0,1,2,...} (this is not really a basis since,
while every analytic vector field has an expression of the form Z aj 270,
not every such sum is analytic, since convergence in an open interval on
R is required).

Transformation groups arising as symmetries of differential equations
have a finite dimensional part depending only on constants, the number
of independent constants giving the dimension of the finite part of the
group, and an “infinite dimensional” part depending on functions. These
functions will be solutions of a partial differential system which may be
null (that is, an empty set). The infinitesimals corresponding to the
finite dimensional part generate a finite dimensional Lie algebra, as in
the Exercise 4.2.32, while those depending on functions generate a Lie
pseudogroup, see for example, (Olver and Pohjanpelto, 2008).

Sophus Lie, in his investigation of the transformation group 7 that
maps the set of solutions of a given differential equation to itself, arrived
at a method that allowed him to calculate X7 (M), the set of infinitesi-
mal symmetry vector fields, even when the direct calculation of 7 itself
was intractable, see Remark 2.6.22. His so called third key theorem
concerning X7 (M) is stated above. The third can be stated as follows:

Theorem 4.2.31 (Lie’s third theorem) Given a Lie algebra L of
vector fields on M, then there is a transformation group T such that
L=Xr(M).

The local transformation group 7 is generated by the flows of the in-
finitesimal vector fields X7 (M), see for example (Ovsiannikov, 1982).

The concept of a Lie algebra is now so familiar to us that it is easy
to be blasé about Lie’s results, even to miss the point. For the fact is
that a symmetry group of a differential equation typically involves highly
nonlinear actions. Yet the infinitesimal vector fields of these actions not
only form a vector space but any basis { X'} satisfies the relations

[X*, X7] = Zcz'ijk
k
where the c¢;;i, if they are not constant, depend only on those functions
appearing explicitly in the X' there is no other dependence on the vari-
ables as would generally be the case. At the time, this must have seemed
incredible, and if you think about it, it still is.



106

From Group to Algebra

Exercise 4.2.32 For the SL(2) action acting on M =R,

. axr+b
Tr =
cx+d’

ad —bc=1,

the infinitesimal symmetry vector fields are

Vo = 220,,

Vb = azv

Ve = —2%0,, (4.27)

so that X7 (M) is the three dimensional real vector space < Vg, Vp, Ve >R.
Note that X7 (M) is three dimensional even though M = R is one di-
mensional. Show the table of Lie brackets is

[a ] | Va Vp Ve
Vo 0 —2vy  2v,
A% 2vy 0 —Va
Ve | —2v, Vg 0
Show that the change of basis
Vh = — Vg, Ve = —Vyp, Ve = —V¢

yields a multiplication table exactly the same as the standard one for
sl(2) given in Exercise 4.2.17, with

VhHha

Ve < €,

Vf<—>f.

Hence in this case, X1 (M) is isomorphic to sl(2).

Example 4.2.33 Consider the projective action of SL(3) acting on the

plane as
ar +bu+c
i
hx +ku+?¢’
where
a
det | d
h

b
e
k

. dr+4eu+f

== — 4 4.2
T hrtkutl (4.28)
c
fl=1 (4.29)
14

Solving equation (4.29) for £, back substituting into equations (4.28) and
then differentiating (T, w) with respect to the parameters at the identity,
a=e=1,b=c=d=f=h=k=0, yields the infinitesimal vector
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fields to be
Vo = 2x0, + u0,
vy = ud,
Ve = az
Vg = :Cau
Ve = 10y + 2u0d, (4.30)
Vf = 8u
v, = —x20, — zud,
vi = —xzud, — ud,

Note that the representation of the Lie algebra sl(3) generated by these
vector fields is 8 dimensional, even though the space on which they act
1s 2 dimensional.

Exercise 4.2.34 Show that the multiplication table for the representa-
tion of sl(3) represented as vectors as given in equation (4.30) above,
and that for the matriz representation, Fxercise 4.2.19, is exvactly the
same under the identification of basis elements

v, — —v(a), vy < —v(b),

Ezxplain the origin of the minus sign. Hint: one is a left and one a right
action.

Since X7 (M) is a Lie algebra, its basis satisfies the involutivity condi-
tion needed to apply Frobenius’ Theorem. Hence the orbits of a trans-
formation group action foliate the space M on which it acts. Where the
vector fields are linearly independent as elements in 7'M, the orbits have
the dimension of the Lie algebra.

Exercise 4.2.35 Consider the vector fields X = 0, Y = 20, — v0, —
2w0y, in (z,v,w)-space. Show that [X,Y] = X and thus by Frobenius
Theorem, the orbits of the transformation group foliate (x,v,w)-space
with 2 dimensional surfaces away from the origin where Y = 0. Show
the integral surfaces, also known as leaves of the foliation, are given by
w = cv? where ¢ is a non zero constant. Hint: v2/w s an invariant of

both flows.

4.2.2.1 Prolongations of Lie algebras of vector fields
Prolonging vector fields leads to the same Lie algebra (Olver, 1993, The-
orem 2.39) In effect, the prolongation yields another representation of
the original Lie algebra on an enlarged space.
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Exercise 4.2.36 Prolonging the vector fields (4.27) to (z,u, Uy, Ugy)
space yields

prPv, = 220, — 2uy0y, — AuppOu,,
prPv, = o, (4.31)
pr®v. = =220, + 22u.0u, + (2ug + 42Use )0y,

Show that the Lie bracket multiplication table for the pr(l)vj is the same
as for the vj. Hint: the variables x, u, and ugz, are viewed as indepen-
dent variables for this calculation, since they are independent coordinates
on the prolonged space. Show that the Lie bracket multiplication table
for the pr(")vj is the same as for the v;, for all n, see Exercise 2.6.20
for the infinitesimals.

Since prolonging an action leads to involutive vector fields on ever
higher dimensional spaces, there is a chance that for high enough pro-
longations, the orbits will foliate the space with surfaces the same di-
mension as the group, at least in substantial parts of the space. This
is one of the conditions we will need for a moving frame, discussed in
Chapter 5, to exist.

4.2.2.2 An important formula

In this section, we prove a formula needed for the proof of Theorem
5.5.5 in Chapter 5. Let coordinates near the identity e of G be given by
g = g(a1,as,...,a,) where r is the dimension of the group. Recalling
Definition 2.42, the infinitesimals at z = (z1,...,2,) with respect to
these coordinates are

Cj(z) - a_ajgzz

’
g=e

so that for any path v(¢) in G based at the identity, we have

% )z = G (2)aj0).
k

The question is, what can we say about
d
—(t) - t#07
el QRES #
As usual, we investigate by considering the SL(2) action on R,
. ax+b
r=—
cr+d’

We will be looking at elements close to the identity and thus we may

ad — be = 1.



4.2 The Lie algebra bracket on T.G 109

take d = (1 + be)/a since a will be close to unity. In coordinates given
by (a,b,c), the identity element is (a,b,c) = (1,0,0) = e and we know
that the infinitesimals are

o,
da
5 2x
TR P W
e 71:2
o,
dc
It can be readily checked that
0 cd
5 d —-b =
da” o
x
2
95| = e o -Z 1 (4.32)
ab a ~2
-
4 0 O
— 7 hal
dc a

where d = (1 + bc)/a. Interestingly, the derivatives with respect to the
group parameters at a point g of the orbit other than the identity, are
a linear combination of the infinitesimal vector fields at that point, and
this linear transformation depends only on g. The two questions are, is
this always so, and what is the matrix of group parameters appearing
in Equation (4.32)? The answer to the first question is “yes”. In this
section we will prove a formula for the matrix which involves right mul-
tiplication on the group. We will need this formula in the next chapter.

Given a Lie group G, recall right multiplication is the action of G on
itself given by

GxG— G, (h,g9) — Rp(g) = gh.
Looking at SL(2) in local coordinates near the identity, we have
Rape)(@ 0,7) = (4, B,C) = (aa + ¢f, ba+ df, ary + ¢9)

where § = (1 + 37)/a. The Jacobian of R, ) at the point (o, 3,7) is
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then

04 0A 04

oa 0B Oy

0B 0B 0B

Ta,pnBape) = 90 93 O
oc oC oC

oa 0B Oy

a c 0

_ b d 0
_® e, Be

(8] « (6]

It can be checked that the matrix of group parameters appearing in
Equation (4.32) is given by

(TeR(a,b,c))iT'

In words, evaluate T(q,5.4)Rap.c) at (o, 3,7) = (1,0,0) and take the
inverse transpose.

The result we will prove is the following.

Theorem 4.2.37 Let (a1, az,...,a,) be coordinates about the identity
element e = (0,0,...,0) in G, and let h € G be in the coordinate chart
domain. Then for each coordinate z; of z,

8a1 C{ (h : Z)
: o (TeR)™" [ (4.33)
ag_z Ci(h-2)
Qp

Proof Since the argument is the same for each coordinate of z, we sup-
press the indices on z and the corresponding index on the infinitesimal
¢. Set Rp(ai,...,a.) = (A1,..., A.) where A; = A;(aq,...,a,) so that
h=(A1,...,A.)|e. Then by the chain rule,

g=e - (Z aAk 8aj ) ’g:e

k

@(h-z)a%w-h-z)
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so that
INg-h- =) Ng-h-=)
“Z), . . = . T.
(Cl(h Z)a 7CT(h Z)) ( (9A1 ; y 8AT ’g:e Rh
9(g-2) 9(g-2)
= e T.Ry},.
( Oar 7 Oay ’g:h B
Rearranging yields the result. Il

Another way to understand the proof is as follows. Let g(t) be a path
in G. Then for either a left or a right action,

% t:sg(t) sz = % tzsg(t)g(s)*l (g(s)-2)=v-(g(s)-2) (4.34)
where
d -1
V=g, 0)g(s)7) € TG
Now
Sl g™ = S| Ry ()
= Tg<s>Rg<s>71% 9@

= (TeRg(s)) g (S)a

using the result of Exercise 4.2.38. This second proof of Theorem 4.2.37
concludes by noting that since the infinitesimals are the coefficients, with
respect to some coordinate basis of T,G of the vector d/dt|;—og(t) - z €
T.M, the map induced on them will be the transpose of the linear map
on T.G with respect to that basis.

Exercise 4.2.38 Use R;-1 Ry, = Ry, = R. which is the identity map,
to show that

(T.Ry) ™' =TyR,.

Exercise 4.2.39 Consider the action

b
5:%, u(z) = u(x), ad —be = 1.

Calculate the infinitesimals G(2],a, Pla),cr Pla),c, Where
0| —

= —| Uy
Oale

(b[z],a
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and similarly for b and c, where e is the identity element given by
(a,b,c) = (1,0,0), for the induced action on u,, and verify

0 __
U

da o
5 . ¢[m],a($7u7%)
—tuy | = (TeRape)” Ba),6(T, U, Uy
ob 0z

¢[z],c(xa U, uz)
0 __

— Uy

dc

where (TeR(aybﬁc))fT 18 the same matrix appearing in Equation 4.32. Do
the same for the induced action on Ug., thus verifying Theorem 4.2.37
for these two cases.

4.2.2.8 Lie’s first theorem

We have discussed Lie’s second and third Theorems above. We now
briefly state and prove Lie’s first theorem for completeness. Let G be a
local Lie group with parameters (aq,...) such that the identity element
corresponds to a; = 0, for all . We note the general statement of the
theorem is not restricted to groups with finitely many parameters. Let
the multiplication law be given, in parameter form, as

I ((a’la e ')7 (bla e )) = (:u(avb>1a e ) = M(a’ab)
Recall the definition of left multiplication,
L,: G— G, b — ab.

and that of its tangent map,

], Lalb(t) = Togo) La(b'(0))

The associative law, u(a, u(b, ¢)) = pu(p(a,b), ¢) can be written as
La(Ly(c)) = Ly(a,p)(c)
and the chain rule gives
TbLa 9] TeLb = TeLu(a,b)' (435)

Setting
A(a) = TeLa, Y =La

into (4.35) yields “Lie’s first equation”,
Ty = A(y(b)A(D) ™", (4.36)
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Note by Exercise 4.2.38, A(a) = T.L, has an inverse. Thus, Lie’s first
equation is the infinitesimal form of the associative law, in some sense.

Lie’s first theorem starts with Equation (4.36) and gives conditions
under which a group multiplication law can be constructed.

Theorem 4.2.40 (Lie’s first theorem) Let G be a smooth space and
fix a point “0” € G. Assume for all b € G, there exists a linear, bijective
map AD) : ToG — T,G. If for all a € G, Equation (4.56) has a solution
=1, : G — G satisfying 1¥q(0) = a, then G is a (local) Lie group with
multiplication law p(a,b) = 14 (b) and identity element 0.

If G is described by parameters (ag,...) then 0 can well be the point
given by a; = 0, all ¢. If the space G is infinite dimensional, then the
tangent spaces T,G needs to be interpreted in some appropriate way,
and the existence and uniqueness of solutions of first order differential
equations needs to be proven to hold.

Proof
We show the four properties needed for G to be a group.

e The property of closure under the multiplication law is guaran-
teed by the hypothesis that 1, maps into G.

e To show 0 is the identity: By hypothesis, u(a,0) = a for all a. To
show (0, b) = b, we show that 1y is necessarily the identity map.
Invoking the existence and uniqueness of solutions of first order
differential equations, we note that both the identity map and
1o solve the differential equation (4.36) with the same boundary
condition g (0) = 0 = id|¢(0), and hence are the same function.

e To show the associative law, we note that both 1,01 and 1,4,
solve the differential equation (4.36) with the same value at 0,

g © wb(o) = wa(b) = M(a’ b) = Q/J,u(a,b) (0)

and hence are the same function. Thus

:U/(aa M(ba C)) = wa(wb(c)) = Q/J,u(a,b) (C) = M(M(a’ b)7 C)'

e Finally, given a € G we need to exhibit an inverse a~! € G such
that p(a,a™) = 0 = p(a™',a). Considering Equation (4.36)
and noting the assumptions on A(a), we see that for any solution
1, Tyt has an inverse for all b and hence 1) is invertible at least
locally near 0. Taking the inverse of both sides of Equation (4.36),
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noting that (Tp) ™! = Tw(b)z/fl and setting 6 = ¥(b) yields

Tay™" = AW~ (B)A(B).

In other words, 1! satisfies Lie’s first equation. If 1) = 1),, then
for a sufficiently close to 0, we can define a~' = 1, *(0), so that
Yt = 1pg1. Tt is straightforward to check that a~' has the
required properties.

O

Exercise 4.2.41 Fill in the details of the proof of the associative law.
Note that b in Equation (4.36) is a dummy variable, while that in both

VYo 0y and Yy qp) s fized.

4.3 The Adjoint and adjoint actions for transformation
groups

In this section, we consider the Adjoint action Ad of a transformation
group 7 on its Lie algebra X7. We will use the formulae proved here in
Chapter 8.

Astute readers will have realised that we have already used the ana-
logues of the Ad and ad actions, given in Definitions 4.2.7 and 4.2.11,
for transformation groups, in the proof of Theorem 4.2.30.

Definition 4.3.1 Given a transformation group T acting on M, the
induced Adjoint action Ad of G on X (M) is

(9, X) = Ady(X),  Ady(X)(x) =Tg ' X(g- )

where T'qg : TM — TM is the tangent map of g considered as a map
g: M — M.

Recalling that a vector field is a map X : M — TM such that the base
point of X (z) is x, we have that the diagram

Tg

TM =4 TM
Ady(X) 1 X (4.37)
M % M

commutes.
Thus, for a vector field given in column vector notation, we have given
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coordinates z = (21, 22,...,2,) and with gz =2 = (21,22, ..., 2n),
0% 0z \ !
0z Oz, f1(2) 551
Ady(f)(2) = T : =5, f(2) (139)
0z . 0% fa(2)
0z, 0zn

where the last line defines the matrix 9z/9z, the Jacobian of the map
z+ g-z =z, which is of course, the map T'¢g in coordinates.

Exercise 4.3.2 If X = f(x)0, and g-x =T, show Ady(X) = f(z)05.

For a vector written in operator notation, the Ad action of G on a

vector field is, given coordinates z = (21, 22, ..., 2,) and with g- 2 = 2 =
(2’1, 22y eny Zn);

7

Ad, (Z fi(z)a%> = Zfi(a(%. (4.39)

Indeed,

Ad, (Z fi(z)a%>

071 oz, \ 1/ 0
T pin
= ([1(3),. -+, fa(?)) oo :
BEN oz B)
P e
021 0zy, 0
P P
= ([1(3),. -+, [a(?)) : oo :
0z1 Ozp, 0
= e o

0

=Y 13 oz
Of particular interest is the Ad action restricted to the infinitesimal
vector fields. We first verify that Ad, is an action on X7 (M) as given

in Definition 4.2.7, and prove some of Exercise 4.2.9 for the particular
case of transformation groups.

Lemma 4.3.3 Let T be a transformation group, and let v € X7 (M) be
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an infinitesimal vector field. For g € T,

Adg (V) S XT(M)

Proof Let I'} be the flow on M induced by v. Then g~ 1" g is a path
in 7, and, at t = 0, is the identity map. Hence

_ d _
Ady(v) =Tg vg=— g 1F2’g € Xr(M).

dt lt=0
O

Lemma 4.3.4 For g, h € T, v € X7 (M), and assuming a left action
of T on M,

Adh (Adg (V)) = Adgh (V) .

Proof Using Diagram 4.37 twice, we have

™ T ™ Y TMm
Adh (Adg(X)) T Adg(X) T T X
M N M % M

and

A (A () () = T, () -2
= 71|hzT971| (hz)v(g (h-2))
= (TgoTh)™, . v((gh) 2)
= T(gh) 1‘ ( h) - z)
= Adgn (v )( )

O

Since T'g is a linear map, then Ad, is linear on X7 (M). Lemma 4.3.3
implies that for any basis v', i = 1, ...7 for X7(M), where r = dim 7T,

Ad, (Z oV Z o Adg( Z a; Ad(g (4.40)

for some 7 x r matrix Ad(g). We next investigate the properties of Ad(g)
and how to compute it.

Lemma 4.3.5 The map g — Ad(g) € GL(r), defined in Equation
(4.40), is a representation of T .
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Proof Let g, h € G.

Z a; Ad(gh)iv*

ik

Z Q5 Adgh V;
= Y aiAdyAdgv'

= Z o Ad(g)} Adpv?

]
= Z oziAd(g)jR h)?

i,5.k
= Y ai(Ad(g)Ad(h));vF
ik

where we have used the linearity of Ady, in the third line. ]

If we write

Z a; Ad(g Z a;v

then writing o = (a1, ..., ;)7 as a column vector, we have
a = Ad(g)" a. (4.41)
To calculate Ad(g), it can be easier to obtain the action on the o
using the form of the Adjoint action given in Equation (4.39).
Example 4.3.6 For the SL(2) action

. axr+b
€Tr =
cx+d’

ad —bc=1
with infinitesimal vector fields
v = (a + Bz + y2°)0,,

we obtain

Adgy(v)(x) (o + BT +~7?)

0

oz .
(cra(z) o (E5)) (3) " 2
afcx + d)? +ﬂ(a$+b)(cz+d)+’7(az+b)2) 2

( ox
(& + Bx + %(;2) ((%
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so that
a @ d? bd b? @
B |=Ad)" | B | = 2cd ad+bc 2ab Jé;
5 y & ac a? y

(4.42)

Exercise 4.3.7 Show that for the SL(2) action,

- b ~
x:ﬂ, U = 6¢(cx + d) + (cx + d)u, ad —bec=1
cr+d

that Ad(g) is the same as that given in Equation (4.42) for the action
in Example 4.5.6. Explain.

Exercise 4.3.8 For a matriz Lie group G C GL(n) acting linearly on
R"™, the infinitesimal vector fields are the constant vector fields,

Va(x) = ax, xeR" acgyg.
Show the Adjoint action is
A4dy(Va)(%) = g~ agx.

What is Ad(g) in the case G = Sp(2)?

Exercise 4.3.9 For the action of the Euclidean group acting on R?,

(5)=Camo o) )+ (),

the infinitesimal vector fields are

ISER1

v = a(—ud; + x0,) + B0, + YO, (4.43)

for arbitrary constants o, (3, «v. Show that

«a «
3 = Ad(g(ov a, b))T B
¥ ¥

cosf) sinf asinf — bcosf «

= —sinf cosf bsinf + acosf 1)

0 0 1 ¥

Obtain the Adjoint representation another way by adapting the method
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of Ezercise 4.3.8; consider the standard representation of the Fuclidean

group,

cosf) —sinf a
R(g(0,a,b)) = sinf cosf b | € GL(3)
0 0 1
with Lie algebra
0 —a
a 0 v ||la,B,veER (4.44)
0o 0 0

and a linear action on R® restricted to the plane {(x,y,1)|z,y € R}.
Show that both methods yield the same Ad(g). Hint: the use of the
same names for the arbitrary constants in (4.43) and (4.44) is deliberate;
it indicates the isomorphism between the two presentations of the Lie
algebra.

We come now to the main computational result we will need in the
sequel, concerning the Ad action as induced on X7 (M), which is essen-
tially Equation (4.40) in matrix form.

Theorem 4.3.10 Let coordinates on M be z = (z1,22,...,2n), and
g-z=2=(21,22,...,2n). Denote the Jacobian matriz of the group
action as
651 651 621
(92’1 (92’2 8zn
oz |02 o0m
92 = 0z1 0Ozo 0z, . (4.45)
0zn 0z 0Zn,
(92’1 (92’2 8zn
Let (a1, az,...,a,) be coordinates on G, or the independent parameters

for T, and let the infinitesimal vector field with respect to the coordinate
a; be given as
0

vi(z) = G’(z)a—z1 +ot Cf;(z)a-
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Let the matriz Q(z) be given by

Z1 ) e Zn

a (Gi(2) G2) . G(2)

as | (2) C3(2) ... CZZ
o= | 4O ) e

o \GE) GE ... )

Let Ad(g) be the r X r matriz giving the Ad action on X7(M) with
respect to the basis (v',v*,...,v") of X7(M) used to write down €,
that is, Ady(v') = ZAd(g)évj. Then

J

~\ —7T
Ad(9)Q(z) = Q(F) (%) . (4.46)

Proof Multiplying both sides of Equation (4.46) on the right by

or_ (0 9 o\
C\ 0z 029 0z )

the ith component of the right hand side is the definition of Ad,(v"),
while the ¢th component of the left hand side is, by construction Ad(g)é-vj.
These are equal by the definition of Ad(g). O

Example 4.3.11 For the action

~ . au+b
T=ux u=—-",
cu—+d

ad —bc=1,

3

consider the prolonged action on (u, Uy, Uy,) space. The prolonged action
18

_ Uy __ Ugpy 9 cu?
Uy = 77— 75> Ugy = - .
(cu+ d)? (cu + d)? (cu+d)3
The infinitesimal vector fields corresponding to the parameters (a,b,c)
are
0 0 0
« = 2u— 2uy— e
v “au A Ouy e OUgy
)
T ou 9 5
Ve = —u®—— —2uuy—— — 2(uZ + utiyy)

OUgy

ou Ouy
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so that
u Uy Uz
a 2u 2'U/$ 2u$$
Qu, g, Ugy) = b 1 0 0
e \ —u? —2uu, —2(u926 + Uy
Next we have
! 0 0
(cu + d)?
(it a) _ ~2cu, i ;
(U, U, Uge) (cu+d)3 (cu+d)?
—2¢((cu + d)ugy — 3u2)  —dcu, 1
(cu + d)* (cu+d)?  (cu—+d)?

The matriz Ad(g) is more or less that given in Equation (4.42), adjusted
to the basis we are using here;

a b c

a (ad+bc 2bd —2ca

Ad(g) = b cd =
c —ab —b? a®

It is straightforward to check that
0, s, @))‘T

Ad(g)ﬂ(u,ugg,umm):Q(a7&;’@;)<8(uu Uss)

Exercise 4.3.12 Prolong to (u, Uy, gy, Uzaz, Uzzzs) SPace the action of
Example 4.3.11. Check that

-T

Ad(9)QUty .. tpnns) = Q@ . .., o) (M)

Oty .y Uggza)

Finally, we recall that the induced adjoint action of X7 (M) on X (M)
is, for v € X7 (M) with flow ¢g(t) =T} and w € X7 (M), given by

ady(w) = %‘t:oAdQ(t) (W) = [v,w], (4.47)

the standard Lie bracket of vector fields.

Exercise 4.3.13 Prove Equation (4.47). Hint: compare the formulae
for the definitions of the Adjoint action and the Lie bracket of vector
fields.
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The adjoint action ad clearly restricts to an action of X7 (M) to itself,
and is the same as what was defined earlier as the adjoint action of any

Lie algebra on itself.
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In this chapter we can begin our study of the invariant calculus. The
concept from which all else derives is that of a moving frame. We use the
definition and construction as detailed by Fels and Olver. Although the
term “moving frame”, or “repere mobile” is associated with Elie Cartan,
the idea was used, albeit implicitly, long before. A pre-Cartan history of
the subject is given by (Akivis and Rosenfeld, 1993), and the Fels and
Olver papers have a more recent historical overview. The definition of a
moving frame used here has the major advantage that it can be applied
to both smooth and discrete problems. In particular, there is no need
for any of the paraphernalia of differential geometry such as exterior
calculus, frame bundles and connectionst.

5.1 Moving frames

The original problem solved by moving frames was the equivalence prob-
lem, “when can two surfaces be mapped one to the other, under a coor-
dinate transformation of a particular type?” It turns out there are many
problems which can be formulated this way. One is the classification
problem of differential equations. If you have a differential equation to
solve and a database of solved equations, it is only sensible to ask, is there
a coordinate transformation that takes my equation to one of the solved
ones? Viewing differential equations as surfaces in (z,u, uy, Ugg, ... )
space, you might then apply moving frame theory. The computational
complexities might be considerable, but at least you have an idea of how
you might proceed.

Computer vision experts study a discrete version of the equivalence
problem: given a digital image, can you match it to one of a database?
Of course, the image you have and the image in the database won’t
be exact matches, there may be a rotation involved or some kind of
distortion, but since they are pictures of the same object, you want
the computer to recognise they are equivalent up to some well defined
“distortion group”.

In later chapters, we will see other uses of moving frames. The appli-
cations all involve the fact that a moving frame defines local coordinates
that provide a “divide and conquer” mechanism for studying the prob-
lem at hand.

Moving frames exist when and where the group action is free and
regular, see Definition 2.4.8. Under quite general conditions, there are

1 Unless, of course, differential geometry is your application.
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ways and means of getting the group action you have to be free and
regular on an extension of your space if it isn’t already, so the condition
is not as restricting as it sounds.

If the action is free and regular in some domain €2, then the following
will be true; see Figure 5.1: For every x € (2, there is a neighbourhood
U of z such that

e The group orbits all have the dimension of the group and foliate U.

e There is a surface K C U which crosses the group orbits transversally
(see Definition 2.4.9), and for which the intersection of a given group
orbit with K is a single point. The surface K is called the cross section.

e If O(z) denotes the group orbit through z, then the group element h
taking z € U to {k} = O(z) N K is unique.

The cross section I will not be unique. It is usually chosen to make the
calculations as simple as possible.

All different

orbits

Fig. 5.1. A local foliation with a transverse cross section.

Definition 5.1.1 The map p : U — G which takes a point z € U to the
unique group element p(z) € G such that

p(z)- 2=k, {k}=0(z)NK, (5.1)
is called the right moving frame relative to the cross section K.

The element % in Figure 5.1 is p(z). If the action is left, then the map
p is right equivariant, that is,

plg*z)=p(z)g~"
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Indeed, looking at Figure 5.2, we see that the group element taking g* z
to k has to be hg~!. If the action is right, then the map p satisfies

plgez) =g 'p(z).

The inverse of the right moving frame is called the left moving frame.

Fig. 5.2. Construction of a right moving frame using a cross section.

More generally, we have

Definition 5.1.2 Given a group action G X M — M, a moving frame
is an equivariant map p: M — G.

We have the following table.

left action right action

right frame  p(g+ 2) = p(2)g~"  plgez) =g 'p(2)
left frame  p(g*2) =gp(z)  plgez)=p(z)y

The conditions on the group action for the above construction to be
valid typically hold only locally, and thus a moving frame can be con-
structed only locally. In general, it will not be possible to construct
a moving frame in a neighbourhood of every point on a manifold: no
moving frame can be constructed in the neighbourhood of the origin of
R? for the rotation group SO(2).

We summarise the discussion as a Theorem.

Theorem 5.1.3 If a group action is free and regular in Q@ C M, then
for every x € Q there is a neighbourhood U of x such that there exists a
moving frame on U.
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In practice, we do not wish to study the details of the foliation of the
space by the group orbits. We need a way to derive the frame knowing
only the formulae for the group action. Thus, we use the following pro-
cedure. We define the cross section K as the locus of a set of equations
Yr(z) =0, k=1,...,r. The number of equations, r, equals the dimen-
sion of the group. In order to obtain the group element that takes z to
KC, we solve the so called normalisation equations,

o) =0, k=1,...,r (5.2)

The frame p(z) therefore satisfies

Yi(p(z) *x 2) =0, i=1,...,m

If the solution is unique on the domain U, then p is a right frame, one
that satisfies p(g * 2) = p(2)g~" or p(g e 2) = g~ p(2). One chooses the
normalisation equations to minimise the computations as much as pos-
sible for the application at hand. A fuller discussion appears in section

5.2. A

Fig. 5.3. The construction of a moving frame for rotations in the plane.

Example 5.1.4 Consider the usual action of SO(2) in the plane,

T x cosf —sinf x
_ | =Ry = . )
Yy Y sinf  cos0 Yy

Refer to Figure 5.8. If we set U = R*\{(0,v) |y < 0}, that is, we remove



128 Moving Frames

the origin and the negative y-axis from the plane, then the action is free
and regular. Taking the normalisation equation to be T = 0, then p(x,y)
is the rotation that takes the point (x,y) to the positive y-axis, which
is the cross section K to the orbits. The generic element z € U has
coordinates (x,y). Specifically, we have

Yy _ xZ
€T Y

\/zQ + y2 \/zQ + y2

p(r,y) =

To verify that p is equivariant, let Ry be a rotation matriz with angle t.
Then

sin(t)z +cos(t)y  cos(t)z —sin(t)y

cos(t)r —sin(t)y  sin(t)x + cos(t)y

p(Rt * (.Z‘,y)) =

Yy T
B Nz N < cost sint>
T Yy .

—sint cost
\/zQ + y2 \/xQ + y2

= p(z,y)R; !

as required. If we solve the normalisation equation for the group param-
eter 0, namely, T = cos(f)x — sin(f)y = 0, we obtain p not in matric
form, but parametric form,

x
arctan | — |, 0,
p(z,y) = (y) v7
0 y=20

with the usual caveats on the definition of the arctan function to make
p continuous on U. To verify that p in this formulation is equivariant,
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note that
p(Ro+(2.)) = pleos(t)a — sin(t)y, sin(t)z + cos(t)y)

= arctan (

cos(t)r — sin(t)y>
sin(t)z + cos(t)y

T
= arctan (—) —t
Y

using the addition formula for tan. Since RiRs = Ryis, we see that on
the parameter level, group multiplication is addition and thus the inverse
of an element’s parameter is its negative.

Exercise 5.1.5 Redo the calculations for Fxercise 5.1.4 above butl using

the cross section K = {(x,0) |z > 0}, so that the normalisation equation
sy =0.

(2)
N

Fig. 5.4. The action of the standard Euclidean frame group element, defined
by u =0, v =0 and v = 0, at the point z = (u, v, us, vs).

Example 5.1.6 Consider now the special Euclidean group SE(2) of
rotations and translations acting on curves in the plane, and the induced
action on its tangent lines, depicted in Figure 2.1. The induced action
on derivatives is called the prolonged action detailed in Section 2.3.4.
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If the curve y(s) has coordinates (u(s),v(s)), the prolonged action takes
place in (u, v, us, Vs, Uss, - . . )-space; as many derivatives as make sense
for the curve you have. The curve must be at least once differentiable,
and then the prolonged group action is free on an open domain. The
generic group element has parameters (6, (a,b)) where 0 is the angle of
rotation and (a,b) is the vector of translation. The calculations are much
easier if the “inverse” action is taken, namely

_ cosf sinf u—a
“\ —sinf cosé v—>b )’

This is now a right action. Since the curve parameter s is invariant, the

1

<N

prolongation action is simple to calculate. We obtain

wy \ cosf sinf uy
v; )\ —sinf cos# vy

where J is the index of differentiation. Let us take the cross section
K to be the coordinate plane, w = 0, v = 0 and vs = 0. Thus the
normalisation equations are,

=0, ©=0, 0,=0. (5.3)

The action of the frame defined by these equations on a curve is depicted
in Figure 5.4. Solving equations 5.3 for the group parameters in terms
of (u,v,us,...) yields

a=u, b=, 6 = arctan <U—s) . (5.4)

us
This is the frame in parameter form, wvalid on an open domain that
excludes, say, the line {(us,0)|us < 0} in the (us,vs)-plane. In matriz
form, the frame is obtained by substituting the values of the parameters
on the frame into a matriz representation of the generic group element.
For the standard representation of SE(2) (see Equation (2.21) we obtain

Us Vs
VAT VAT
plu, v, us, gy ... ) = Us Us v |- (5.5)
VuZi+oz o JuZ+o?
0 0 1

To verify that this is equivariant, we act on the components of p with a
generic group element which we take to have parameters (o, (k1,ka)); it
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is mot a good idea to take the same parameter names as those used to
calculate the frame. Then

Uy Vg _
2 2 2 7 U
Vg + Vs Vg™ 4+ vg
p(U, v, Ug,...) = Vs Uy _
~2 , 2 —5 5
i+ VS
0 0 1
) -1
cosa —sina Kk
= sina cosa ko plu, v, us,...)
0 0 1

which is the equivariance of a right frame for a right action.

Exercise 5.1.7 Show that taking the usual Euclidean action in the above
example results in the inverse of the frame calculated above, with the
same normalisation equations. Verify its equivariance.

Example 5.1.6 provides a nice illustration of the relationship between
the Fels Olver frame and Cartan’s frame of vectors at each point of the
curve. If we look at the columns of the rotation part of the matrix form
of p, we see that they form the unit tangent and unit normal of the curve,
depicted as e; and ey in Figure 5.5. Cartan’s frame consists of this pair,
as well as the point of the curve at which they sit. The rotation angle
of our frame is that required to rotate the vector pair ((1,0),(0,1)) to
the vector pair (eq, es).

€2 €1

Fig. 5.5. An orthonormal vector ‘frame’ attached to a curve in the plane.
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Example 5.1.8 Consider now Euclidean motion on sets of points in the
plane, see Figure 5.6. Let the point z; have coordinates (x;,vy;). Again,
let’s consider the inverse action,

T\ cosf)  sinf T, —a
gi /] \ —sin@ cosd yi—b )
Taking the normalisation equations,
%\1/ = 0; ?jl = 07 y~2 =0

and solving for the three group parameters, we obtain

a=x1, b=y, 0 = arctan (u) . (5.6)
To — T

We leave it to the reader to define the domain of validity of the frame.

° oz~3 — q
22

z2
) oz

Fig. 5.6. Euclidean motion on sets of points in the plane.

Remark 5.1.9 The frame given by equation (5.6) works regardless of
the number of points in the plane we consider. In particular, it can be
used in the study of Fuclidean motions on piecewise linear curves in the
plane.

Remark 5.1.10 Actions on sets of points in M is equivalent to consid-
ering the product action on M x --- x M, see §2.3.2. Further examples
appear in §5.7 later in this Chapter.

In the above examples, we have looked at two different actions in-
duced from the standard Euclidean group action on the plane, one on
curves and one on sets of points. It is not possible to define a frame
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for the standard action on the plane itself. One of the requirements of
the construction of the frame given at the start of the chapter is that
the group orbits foliate the space, and that these orbits have the same
dimension as the group. Since the Euclidean group has dimension 3 and
the plane has dimension 2, this is impossible. Thus, it is necessary to
find a larger space on which to act.

The examples and exercises in this and subsequent sections may give
the impression that one can always solve the normalisation equations for
the frame in explicit detail. Unfortunately, this is not true in general,
although it is surprising just how often one can solve them. As we go
through the theory and applications of moving frames, we will always
be asking, how much information can we obtain without solving for the
frame. The answer is: a great deal, as we shall see.

5.2 Transversality and the Converse to Theorem 5.1.3

Given a free and regular group action on €2, we constructed above mov-
ing frames in the neighbourhood of any point. Let’s now consider the
converse; if a moving frame exists, is the group action free and regular?

Suppose we have a smooth equivariant map p : M — G. We first
show the action is free. Let h € G be an element of the isotropy group
of z. Then, for example if we have a left frame for a left action, hp(z) =
p(h % z) = p(z). Multiplying these equations on the right by p(z)~!
yields h = e, the identity element. Similar remarks hold for the other
cases.

Next we consider the conditions for regularity. Since by hypothesis the
action is free and smooth, the orbits foliate the space by the Frobenius
Theorem, Theorem 4.1.24. The cross section to the orbits for the moving
frame as we constructed above can be described as the set K = {z €
lyz e
KC. Further, each orbit intersects with I at most once; if not, there exists
z€ Kand g € G, g # e, such that g *x z € K. But then by definition,
e=p(g*z)=gp(z) =g, a contradiction.

M | p(z) = e}. This set is non empty, since if p(z) = g say, then g~

Finally, we need to show there exists a transverse cross section to the
orbits. To show the orbits are transverse to IC, we need to demonstrate
that for any z € K,

T.K +T.0(z) = T. M,

see Definition 2.4.9. Unfortunately, this is not true in general for the K
given above.
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Example 5.2.1 Consider the action of (R,+) on the plane whose or-
bits consist of the cubic curves depicted in Figure 5.7. The action is

T=x+ey = (c+ yl/?’)?’. Now let p(z,y) = —y'/3, obtained by
solving the mormalisation equation y = 0. This is a right equivariant
mapping since p(Z,7) = —§/% = —(e + y/?) = p(z,y) —e. The set

K =A{(z,y)|p(z,y) = 0} = {(x,0)}, is the x-axis, to which every or-
bit is tangent, not transverse. However, it is apparent that a transverse
cross section exists arbitrarily close to K.

Fig. 5.7. Group orbits all tangent to K; a nowhere transverse frame.

Arbitrary curves can always be deformed locally to be transverse to a
foliation. The foliation in Figure 5.8 is given by the action & = exp(—t)z,
y = exp(t)y, t € R, which is both free and regular on R*\ {(0,0)}. The
circle C drawn in the Figure can be deformed so that near any point on
the deformed circle, the orbits are transverse to it, but this cannot be
achieved simultaneously for all points. The inability to get simultaneous
transversality is due to the existence of orbits arbitrarily close to C that
do not intersect with it, no matter how C is deformed. Note that this
“cross section” does not define a global frame as most orbits intersect
it either twice or not at all, but on certain open sets of R\ {(0,0)} it
does define a local frame.

A proper discussion of the existence, at least locally, of a transverse
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Fig. 5.8. The cross section K cannot be deformed so as to be transverse to the
foliation simultaneously at every point.

cross section would take us too far afield into Differential Topology. How-
ever, the key words are hopefully clear; transversality is generic, which
means that we can deform the cross section to one that is transverse, at
least locally.

Looking more closely at the use of normalisation equations to define
a frame, we see that we must solve

V(g *2) =0, k=1,...,r

for the r group parameters that describe the Lie group near its iden-
tity element. Writing the solution to these equations as g = p(z) which
gives the frame p, requires the application of the inverse function theo-
rem, for which a necessary condition is that the derivative of the map
¥ : G — R", where U = (¢1,...,1,) and z is regarded as a multi dimen-
sional parameter, has non zero determinant on the cross section. “Non
zero determinant” is an open condition on z, and thus ¥ will typically
be invertible on an open piece of the cross section {z| ¥(z) = 0}: in gen-
eral, we will only be able to define frames locally by this method. The
right equivariance of the frame is a consequence of the uniqueness of the
solution that the inverse function theorem provides. Indeed, since both
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p(h* z) and p(z)h~! solve (g * (h * 2)) = 0, k = 1,...r, uniqueness
implies they must be equal.

However, transversality requires more than solvability of the normal-
isation equations, as Example 5.2.1 shows.

Why is transversality so important and desirable? Look again at
Figure 5.1 at the start of this chapter. If K is transverse to the orbits,
then p defines local coordinates as follows. Since the group element that
sends z to K is unique, each O(z)NU can be given the same coordinates
as that of the group about its identity element. Moreover, the element
{k} = O(2) N K = p(z) - z tells you which orbit you are on. Thus,
assuming a right frame p for a left action, the map

p:U—GxK, z (p(2),p(2) * 2) (5.7)

is invertible on its image. Transversality guarantees the derivative of
@ is also invertible, and so is a genuine coordinate transformation, or
diffeomorphism. We will be using these coordinates in just about every
application in this book.

If the frame is not transverse, then the map ¢ given in Equation (5.7)
will not be a diffeomorphism. Consider the frame in Example 5.2.1.
Since K is the z-axis, it suffices to take the az-component of p(z) - z, so
that

oz, y) = (—y'3, 2 —y/?).

The Jacobian map of ¢ is easily seen to be non invertible when y = 0,
that is, on . Replacing the normalisation equation with iy = ¢ yields the
frame to be p(z,y) = /3 —y/% and p(z,y) = (/3 —y*/3, a4 /3—y1/3)
which has invertible Jacobian in a neighbourhood of the line y = c.

The Morse Sard theorem (see Hirsch, 1976) can be used to show that
the transversality of the frame is the generic situation, and can always
be achieved by altering the constants ¢; in the normalisation equations
¥i(2) = ¢;, perhaps on a smaller neighbourhood than the one we started
with. We summarise this discussion as a Theorem.

Theorem 5.2.2 Let the normalisation equations be 1;(2) = ¢;, and let
D,V denote the Jacobian of the map U = (1, ...,1,) with respect to
the group parameters. If the determinant

Dg\p|g:e

regarded as a function of z is nonzero on the locus K = {z|;(z) =
ci,i = 1,...,1r}, so that the implicit function theorem may be applied,



5.3 Frames for SL(2) actions 137

then the map p : G — M defined by ¥;(p(z) - z) = ¢; is a moving frame
on a neighbourhood of KC. Moreover, the surface IC can be assumed to be
transverse to the group orbits for generic c;.

In all that follows, we will assume that the orbits are transverse to
the cross section that defines the frame.

Remark 5.2.3 For algebraic actions, one can dispense with the inverse
function theorem, see (Hubert and Kogan, 2007) replacing its role in the
theory with results from commutative algebra. This means that well de-
fined algorithms can be developed and algebraically certified for studying
moving frames and their applications in a symbolic computing environ-
ment.

5.3 Frames for SL(2) actions

We now turn our attention to the three nonlinear actions of SL(2) in the
plane, given in Chapter 1. None of these actions is free as they stand,
so we need to extend the space on which they act in some way. We will
use these frames in examples all through the book.

Example 5.3.1 To calculate the frame for the action (2.17), as induced
on curves (x(s),y(s)) in the plane, we take normalisation equations,

T=0, T,=1,  55=0.

Near the identity element, the group parameter d = (1 + bc)/a. Solving
the normalisation equations for the three independent group parameters
yields

1 T Tss
CcC =

— \/:C_S7 \/x—sv 2(:05)_3/2.

In matrix form, the moving frame is

1 T
T NG
p(:L', TsyTssy- - ) = Tss 21.3 — T . (58)

2(xs)3/2 2(z4)3/2

The choice of the positive square root is to ensure that p is the identity
element on the cross section K.

Since the normalisation equations, which define the cross section, in-
cludes 5 = 1, the frame is defined in a neighbourhood of (x,y, Ts, Ys, ... )-
space where xs # 0. It can be seen by examining the group action on
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Ts,
- T

Ts = ma
that the group action leaves the coordinate slice, xs = 0, invariant, and
in fact is singular there (see (Olver, 2000) for a discussion of the singu-
larities of group actions).

Exercise 5.3.2 Which equivariance equation is satisfied by the frame
(5.8)¢

Exercise 5.3.3 Suppose instead one induces the action (2.17) on curves
parametrised as (x,y(x)) in the plane. Calculate the frame for the nor-
malisation equations,

z =0, Ye = 1, Yoz = 0.
Ezxplain why it is not possible to have a mormalisation equation of the
form y =c.

Exercise 5.3.4 Calculate frames for curves given as (x(s),y(s)) and
as (z,y(x)) for the SL(2) actions, (2.18) and (2.19). Hint: in order
to have an equation for the group parameter b, it is necessary to have
a normalisation equation of the form T = c. One always chooses the
simplest possible form of the constants involved, usually either 0 or 1;
in this case, T = 0 is recommended.

5.4 Invariants

One can think of the transverse moving frame, defined in U with cross
section L C U, as providing local coordinates, sometimes called a local
trivialisation, of the manifold, as discussed in §5.2. For a right frame,
the coordinate transformation is given by

o U—GxK, 20 (p(2),0() - 2).

The leaves of the foliation given by the group orbits are parametrised
by the group parameters, while p(z) - z yields the element O(z)NK. We
show in this section that /C has coordinates given by invariants of the
group action.

Theorem 5.4.1 If p is a right frame, then the quantity I(z) = p(z) - z
s an tnvariant of the group action.
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Proof For a left action we have

I(gxz) = plgr2)*(gxz) = (plgx2)g)xz = (p(2)g~ g)xz = p(2)*z = I(2).

For a right action, p(z)ez is similarly invariant; since ge (hez) = (hg)ez,
we have

plgez)e(gez)=(gp(gez))ez= (99" p(2))e2=p(z)ez

So, we write both cases simply as p(z) - z. O

Definition 5.4.2 The map z — I(z) = p(z) - z is called the invarianti-
sation map. Other notations in use are 1(z) and Tz.

Solving normalisation equations always yields a right frame, so that
evaluating zZ = ¢ - z with ¢ = p(z) in parameter form yields an invariant.
This is true whether we consider z in coordinates or not; even though the
parity of the action is opposite for z and its coordinates, the equivariance
changes to match. Thus, if 2 = (z1,292,...2,) and the normalisation
equations are z; = ¢; for ¢ = 1,...r, where r is the dimension of the
group, then the components of

p(z)-z=(c1,-. s er I (Zpg1), -, I (20))
where
I(zk) = 9+ 2]y e

are all invariants.

We note that the I(z;) are all functionally independent. For if there
were an expression of the form F(I(zx)) = 0, then by back substituting
for the I(zy) their expressions in terms of the z;, we would have that
the z; were functionally dependent, a contradiction.

Seeing is believing, so we turn our attention to considering the invari-
ants for the examples considered in the previous section.

Example 5.4.3 For the rotation group in the plane, Example 5.1.4, the
calculation looks like
g Z‘g:p(Z)

= ((cos @)z — (sinB)y, (sinf)x + (cos 9)y)|9:arctan(m/y)

= (0,Vz? + 7).

The first component is zero because the normalisation equation is T =
0; the frame is defined to be the group element that sends the first
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component of Z to zero. The second component of p(z) - z is evidently
invariant. Moreover, looking at Figure 5.3, it’s clear that the intersection
of an orbit passing through the point (x,y), with the positive y-axis, is
the point (0,+/ 22 + y2). In this simple case, the coordinates provided by
the frame are essentially the usual polar coordinates.

Example 5.4.4 Consider next the Euclidean action on sets of points in
the plane, Example 5.1.8. Calculating p(z) - z means back substituting
in g -z the specific values of the parameters that determine the frame,
Equation (5.6), in the z; = g - z;. Doing this yields 1(z1) = (0,0), as
expected, since this are the first two normalisation equations, and then

I(z2) = (V/(w2 — 21)% + (y2 — 11)2,0)

and

)

o (w3 — 1) (2 — 1) + (Y3 — 1) (Y2 — 1)
I(z3) = 2 2
V(w2 —21)? + (g2 — 1)
(ys —y1)(wa — 1) — (23 — 21)(y2 — y1)
\/(£E2 —x1)?2 + (y2 — y1)?
Each component of I(z2) and I(z3) is an invariant. The second compo-

nent of I(za) is zero since that is the third normalisation equation. The
geometric interpretation of the nontrivial invariants are as functions of

lengths, angles between two line segments that meet at a point, and ar-
eas of triangles, all of which are evidently invariant under the Fuclidean
group action on the plane.

Example 5.4.5 Looking at the Fuclidean action on curves in the plane,
Figure 5.4, Example 5.1.6, the frame in parameter space is given in
Equation (5.4). The coordinates are ($,u,v, Uy, Vg, Ugs -..). The in-
variants are the components of

(g'Sag'uag'vag'usag'/Usag'ussag"USS)"') 9=p

UssUs + VssVs UssVs — UssUs
[22 2 [22 2
Uy + Vg Uy + Vg

Exercise 5.4.6 The radius of any circle in the plane is invariant under

:(870’07 u§+vg70’

).

translations and rotations, and hence the radius of an osculating circle to
a curve, pictured in Figure 5.9, is a Fuclidean invariant. The Euclidean
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curvature of a curve at a point is the reciprocal of the radius of the
osculating circle there. If the curve is parametrised as (x,y(x)), then
show the curvature is

Yo

Hint: Let the equation of the circle be c(x) = \/r? — (x — xc)? +y. where
r is the radius and (x.,y.) its centre. Then there are three equations for
the three unknowns, v, x. and y., namely yo = y(xg) = c(xo), and
Yo = Cz and Yz = Czp evaluated at the point of contact (xo,yo).

Fig. 5.9. Two osculating circles, at z = 0 (blue) and at z = 0.5 (in black),

on the parabola (z,z°) drawn in green. Note the osculating circles do not
necessarily lie on only one side of the curve.

Exercise 5.4.7 Consider the inverse Euclidean action on curves in the
plane, but this time described by (x,y(x)), so that the action takes place
in (2,9, Yo, Yza, - - - )-Space. Let the normalisation equations be

r=0, y=0, y.=0,
Show that the frame is given by

a=ux, b=uy, 0 = arctany,
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and that

__ _ B Yzx
Yzx g=p - I(ymm) - (1 + 93)3/2
which is the Euclidean curvature defined in the previous Ezercise. Find

I(Yzza) and I(Ypzas) explicitly.

Definition 5.4.8 For any prolonged action in (x;,u”, u%)-space, the
specific components of 1(z), the invariantised jet coordinates, are denoted

Ji=1(x;) = @‘g:p(z), Ig =1I(uf%) = u%|g:p(z) (5.9)

which is the original Fels and Olver notation. More recently, some au-
thors have denoted these as 1(x;), t(u%) or tx;, Tuf.

Explicit expressions for invariants in terms of the original variables
can often be obtained even when the frame is not known explicitly.
This is because the frame dependent invariants I(zx) may be related to
historically known invariants using the Fels Olver Thomas Replacement
theorem (Fels and Olver, 1999, Theorem 10.3) which states:

Theorem 5.4.9 If f(z) is an invariant then
f(z) = fI(2)).

Proof Substitute g = p(z) into f(z) = f(g- 2). O

An important corollary is the following:

Theorem 5.4.10 (Replacement Theorem) Any invariant is a func-
tion of the I(zy). In particular, the set {J;, I¢, I%}, defined in Definition
5.4.8, is a complete set of differential invariants for a prolonged action.

Example 5.4.11 To show the power of the Replacement Theorem, con-
sider the action induced on curves by the group of Fuclidean motions
in 3-space. We take a curve parametrised as u = (u(s),v(s),w(s)).
The action leaves the curve parameter s invariant, so s = s, and sends
U = Ru+a where R € SO(3) and a € R® is the constant vector of
translation. Let the normalisation equations be

u=v=w=0, Uy = wg = 0, Wes = 0.

Using the notation of Definition 5.4.8, we have I = 1" = IV = 0,
I7 =1 =0 and I;4 = 0. We do not solve for the frame explicitly
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in order to calculate the other Ig-. Instead, we apply the Replacement
Theorem to obtain the Iz in terms of historically known invariants.
Thus, from the invariant |us| where us = (us, vs, ws), we obtain

VAZ TR wd = ()2 + (172 + (1) = |1,

applying the normalisation equations. This solves for 1" up to a sign.

Another known invariant is the curvature, k = |ug X ug|/|ug|*/?. Apply-
ing the Replacement Theorem and the normalisation equations yields an
expression for Iy} in terms of k and |us|. Finally, applying the method
to the invariant determinant 7 = (ug X uss)~usss/m2 which defines T, the
torsion of the curve, yields an expression for 11,. The curvature and
torsion form a complete set of invariants for the Fuclidean action on
curves in 3-space; any other invariant is a function of these and their
derivatives with respect to s. Thus, the remaining Iz can all be obtained
by differentiation and replacement. Further details appear in §6.4.

The Replacement Theorem implies that expressing any invariant in
terms of the I is achieved by simple substitution. This process is called
invariantisation. In a computer algebra environment, invariantisation is
achieved by substitution of the normalised invariants followed by simpli-
fication with respect to the normalisation equations. For a discussion of
the subtle issues that arise in this context we refer to (Mansfield, 2001).

Our final example in this section will prove important in the applica-
tions in later chapters.

Example 5.4.12 If we consider left multiplication on any matriz Lie
group, prolonged to the tangent space TG, we obtain

GxTG— TG, hx(g,g") — (hg,hg').

Taking the normalisation equation g = e, then the frame is given explic-
itly by

plg:9") =g "
Moreover the components of

Ig,d)=9""'d €9

are invariants under left multiplication.
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5.5 Invariant differentiation

This section relates purely to moving frames for prolonged actions. We
investigate not only invariant differential operators but the formulae for
the invariant differentiation of the invariants I7.

The method for obtaining invariant differential operators is similar to
that of obtaining differential invariants.

Example 5.5.1 A simple example is provided by the scaling action in
the plane,

T = Az, u=u/\, A>0

and prolonged to curves parametrised as (x,u(x)). With the normalisa-

tion equation ¥ =1 on the domain {(z,u,uy,...)|x > 0}, the frame is
A=1/x.
The invariant differential operator is then
d L da d d

T et dZdzlae1ye dz’
To see this is invariant, note that

o4 _odrd _ d
Y T Tdaide - da
Evaluating uw on the frame leads to the invariant xu = ﬂ|A:1/I. Since
dbu ey dhu

dxk dxk’
we have invariants
kq) k
I = d*u _ k1 d"u
dxk Ia=1/2 dak

where we have suppressed the index w on I, = I, as there is only one
dependent variable. It is interesting to compare Iy with DIy, and more
generally, Iy, with DIy. It is trivial to verify

DI, = (k+ 1)1k + Igt1,

and thus we see that even though

d d*u B dFtly

dz dzk — dak1

the same is not true for their invariantised counterparts;

DIy # Ijs1. (5.10)
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Since to obtain DIy, we first invariantise dku/dzk and then differentiate,
while to obtain Iy, we first differentiate and then invariantise, Equation
(5.10) says, “differentiation and invariantisation do not commute”.

Definition 5.5.2 A set of distinguished invariant operators is defined
by evaluating the transformed total differential operators on the frame.
They are

D; = D; :
! Mlg=np(2)

where the b\; are giwen in Chapter 2, Equation 2.35.

By an argument similar to the Replacement Theorem, Theorem 5.4.9,
any differential operator can be written in terms of the D; and the
symbolic invariants J; = ¢(x;), I® = ¢(u®) and I = t(u%). The D; are
linear derivations on functions of J;, I® and I, that is, they are linear
operators and the product rule holds. As we shall see, in general,

[D;,Dx] # 0
and as Example 5.5.1 shows,

#Djus, = uf. = I%..
g=p(2) UK g=p(2) Kl g=p(2) K

ue.

DI = D,
g=p(z)

This motivates the following definition.

Definition 5.5.3 The correction terms N;; and M, are defined by
DjJi :5”' +Nij, Dj]% :I?éj+Mféj, (511)
where §;; is the Kronecker delta.

It follows from their definition that the invariants I3 are left un-
changed by permutations within their index K. The correction terms,
however, are not invariant under permutations in their index, because
the operators do not commute.

In order to understand the formulae for the correction terms, we need
to recall the infinitesimals of the group action in §2.6. If the parameters
of the group in a neighbourhood of the identity element are aq, ..., a,
where 7 is the dimension of the group, then the group infinitesimals with
respect to these parameters are,

g-08) | gp, =k
Oa; '9=¢ " Oda; '9=¢

These are functions of x, u® and uf%.
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Definition 5.5.4 Given & = ¢ (z,u’, u?), define ¢(I) = &/(J,1°,17)
and similarly ¢%(I) = ¢S (J, 17, If), that is, where the arguments have
been invariantised.

Theorem 5.5.5 There exists a p X r correction matrix K such that
Nij = Ki&f(I), Mg, = K o(T) (5.12)
=1 =1

where £ is the index for the group parameters and r = dim(G). If the
action on the base space is left and the frame is right, then K is given

by
Kie=Dip(3)| _ = ((TeR,) "' Dyp)s (5.13)

where p = (p1, .. .,pT)T s in parameter form and R, : G — G 1is right
multiplication by p.

Proof To show the result for the M ;, we apply the chain rule to B;I(z)
evaluated at g = p(z). The proof for the Ny; is entirely similar. Writing

SR, nle B
u = Fg(ai,...,ar,z,u”,...)

where the a; are the group parameters (near e), we have by definition
that

D,;Fg = Fg,.
Assuming a right frame, we have

I¢ =F2(p1,....pmx,ul, ..

If the frame is left, then one must use p~*

the invariant I3 ; we leave this case to the reader.

in place of p in F to obtain

Applying the chain rule, we have

B, =3 (55) |, () |+ (B)] . 60

g=p —1

The second summand of Equation (5.14) is I, by definition. By The-
orem 4.2.37, we have

OFg OFg T
(5 ) G 0.2))

g - (TeRg)_T(I)?((g - 2),
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where z = (z,%”,...) and by definition

OFg OFg T
(G021 G 0.2))

g=e

the vector of infinitesimals of the group action on the u% coordinate
with respect to the group parameters (aq,...,a,).
Hence the first summand of Equation (5.14) is

> @5 (D) (TR, Dyp),
(=1

where ®% ,(I) is defined in Definition 5.5.4 above. This proves one of
the expressions for K. Finally, we note that p(g * z) = p(z)g~" implies

Dyplg* 2) = DyRy 1 (p(2)) = TyRy 1 Dpl2)

by the chain rule. Evaluating this at ¢ = p and using the result of
Exercise 4.2.38, we have proved the equality of the two expressions for
the components of K. O

The rows of K will take on additional significance in Chapter 6.

It is of great computational importance in the applications that the
matrix K can be calculated without explicit knowledge of the frame.
All that is required are the normalisation equations {¢x(z) = 0, A =
1,...,r}, and the infinitesimals. Suppose the n variables actually oc-
curring in the ¥y (z) are (i, ... (,; typically m of these will be indepen-
dent variables and n — m of them will be dependent variables and their
derivatives. Define T to be the invariant p x n total derivative matrix

0

Also, let ® denote the r x n matrix of infinitesimals with invariantised

Furthermore, define J to be the n x r transpose of the Jacobian matrix
of the left hand sides of the normalisation equations 1, ..., 1., with
invariantised arguments, that is

arguments,

_oy;()
01(G)

Using the above defined matrices, which are easily calculated, the cor-

rection matrix can be obtained as follows.



148 Moving Frames

Theorem 5.5.6 The correction matriz K, which provides the error
terms in the process of invariant differentiation in Proposition 5.5.5 is
given by

K=-TJ@®J)!

where T, J and ® are defined above.

Proof We compute the invariantisation of the equations

Dia(p(z) () =0 (5.15)

where ( = (3, ... (, are the actual arguments of the 1),. The invariantised
normalisation equations are functions of both the variables (; and the
coordinates of the frame p;(z). Since the latter depend on the first we
have to be careful. We separate the different dependencies by writing
Yp(p(z) - ¢) = U,(¢, p(2)). Here the ¢’s are functions of n variables,
whereas the U’s depend on n + r variables. Thus from equation (5.15)
we obtain

iDipj( 3‘1’/\ ZD Qa\ll)\ C P( )) —0.
i=1

We use the chain rule once more and write

VA (¢, p(2) p Cz 5%( (2) - ¢)
8p] Z 8/)] () gl .

The theorem is proved by invariantisation of the different terms, that is,
replace z by Z (¢ by ¢) and evaluate at g = p(2). O

To calculate K in practice, it is easier to use labelled rows and columns
for the intermediate matrices ®, J and T rather than indices.

Example 5.5.7 Consider the prolongation of the SL(2) action on (z,t,u(x,t))
space,

- b

Foaz Tt ow=to

cu+d

The table of infinitesimals is

r t U Uy Ut Uz

a /0 0 2u 2y 2uy QU

bl10 O 1 0 0 0
c\0 0 —u?® —2uu, —2uu 72u92672uum
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If we take the normalisation equations © = 0, uz — 1 = 0 and Uz, =
0, then the 1y are ¥1(u, Uz, Ugpy) = u, Vo(U, Uy, Uzy) = Uy — 1 and
U3 (Uy Uy Ugy) = Ugzy, SO the arguments ¢; are u, Uy and Uy, and the
invariantised normalisation equations are [* =0, I' =1 and I} = 0.
Thus, selecting the appropriate columns of the table of infinitesimals and
mvariantising, we obtain

a /0 2 0
d=0b(1 O 0
c\0 0 =2

The Jacobian matriz is the identity matrix,

Yi(I)  Pa(I)  Ps()
I 1 0 0
J=r 0 1 0 ,
1Y 0 0 1
and
U Uy Ugs
z (1 0 I
T= < u U 1111 ) .
t\Iy Ly Iihs
Hence

a b c

K’ 0 1 -3
t %I& I; 7%1%12 .

Using K to calculate symbolic invariant derivatives, we have using the
formula 5.12, that

a b c 21 a
DIy =I5+ (0 -1 114, ) 0 b =1%,.
0 c

where we use the row of K corresponding to x since we are calculat-
ing Dy of something, and the column from the table of infinitesimals
corresponding to u; since we are calculating a derivative of I3 = I(uy).

Exercise 5.5.8 Fxample 5.5.7 continued. By calculating the infinitesi-
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mals for Uz, Uzre, Uzeee aNd Ugzr, Show that

Dzﬁz = 1%12

Dxlfu = 1%112 - 21%2[%11
Dxlfn = 111111

Diliyy = Lo — L5l

Exercise 5.5.9 Consider the third of the SL(2) actions in Ezample
2.2.14. The table of infinitesimals is given in Exercise 2.6.15. Using the
normalisation equations T = 0, y = X\, y, = 0, where X\ is an arbitrary
constant, show the K matriz is

a b c
3 1
x mﬁﬂ 1 51{’1
t —512 + ﬁlm 0 5112

Exercise 5.5.10 Using the code written for Exercise 2.6.21, implement
the formula for both K given in Theorem 5.5.6, and hence the symbolic
differentiation formulae, in Proposition 5.5.5. Your input will now in-
clude the normalisation equations. You will need as a subroutine an
invariantisation procedure, to calculate ¢% (I) from ¢%. You also need
to be able to simplify expressions with respect to the normalisation equa-
tions with invariantised arguments, that is, the ;(I).

An examination of the formulae for the My, shows that even when
|K| is less than the order of the normalisation equations, My, may
contain terms whose order is up to 1 more than the order of the normal-
isation equations. Further, the M, will cancel the I term if I is a
normalised invariant, that is, if 1;;‘; = c is a normalisation equation. The
consequences of the existence and formulae for the My ; are discussed in
Chapter 6. In particular, examples there will show that the invariants
1% are not necessarily the result of differentiating some other quantity.

Since the invariant operators do not in general commute, M7 # M.
For this reason, the index on the M} is not of the form of an element
in NP; it is important to keep track of the order in which the differential
operators are applied.

The commutators of the invariant derivative operators can be calcu-
lated using only the K matrix and the infinitesimals of the group action.
The following formula is taken from (Fels and Olver, 1999, Equation
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13.12). Denote the invariantised derivatives of the infinitesimals £ by

=k = Dyl ()

g=p(2)
Then we have

DZ)D ZA D, ZK]l“lz zl“lj (516)

The proof of equation 5.16 uses the formula for the Lie bracket of vec-
tor fields and 0z;/0g; = f;(fz) It is not necessary to implement it if
you have implemented the symbolic invariant differentiation formulae.
Simply calculate [D;, D;]I" where w is an invariant dependent variable
introduced for the purpose. The coefficient of I}/ will be Afj.

Exercise 5.5.11 Consider the action of SE(2) on the plane,
_ cosf  sinf T —a
~\ —sinf cosd y—>b

and let w = u(x,y) be an invariant. Take the normalisation equations
2=0,y=0, u, =0. Show that

<) B

B Uy 0 Ug 0 D Ug 0 LY 0
= S —, D, = - il
Ve a2 e %2 0 fud g O
and that
I I
Dm D 11D 12D
[ ? ] Iu + Iu

Calculate 11y, I3, and I3 explicitly and verify the result both directly and
using the symbolic differentiation formulae. Note the error matriz for
these normalisation equations is

a b 0
K_® <—1 0 I{ﬁ/[;)'

Y 0 -1 1?2/15

5.5.1 Invariant differentiation for linear actions of matrix
Lie groups
If the action of a matrix Lie group G C GL(n,R) is the standard left
multiplication on R™, or more generally is the standard affine action of
G x R™ on R", it is not necessary to put coordinates on G in order to
calculate the error terms My, in DI = I, + Mp,.
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Consider first linear actions, and suppose for a curve u(s) C R" that
g-u = gu, and that the parameter s is invariant. Then if

di
u; = dsiu(s)

we have that
g-u; = gu;.

Let u™Y) denote the derivatives of u up to order N, where N is such
that G acts freely and regularly on some open subset of smooth curves
and their derivatives up to order N. By definition, if p = p(u(N)) is a
right frame, taking the space of smooth curves in R" to G, then

t(ug) = puy,
and for any g € G we have
t(ug) = pg~tguy. (5.17)

Differentiating Equation (5.17) with respect to the curve parameter s
and setting g = p, we obtain

d

EL(uk) = 1(ugy1) + psp te(uy). (5.18)

Thus the error term in the invariant differentiation of :(ug) is pre-
cisely psp~ti(uy). Comparing Equation (5.18) with Equations (5.12)
and (5.13), and noting that the invariantised infinitesimal of the action
on uy is ¢(uy), we see that K is indeed the invariantised Jacobian of the
frame, not in coordinate form, but in matrix form.

The solution of the following Exercise is discussed in detail in Lemma
6.2.1.

Exercise 5.5.12 Since the action is left and the frame is right, we have
plg-u™) = p(u™)g~L. Hence show that the components of psp™* are

invariants. Further, show psp~! € T.G = g.

Applications of Equation (5.18) are detailed in §6.5 of Chapter 6.

5.6 *Recursive construction of frames

There are several cases where a frame can be defined recursively, that
is, where the frame can be written as a product of frames for lower
dimensional group actions. This topic was explored by (Kogan, 2000a,
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2000b). In this section we consider first the simplest case, and then
generalise in various ways.
Consider the 2 parameter group action

=z, u=exp(e)u+k (5.19)
of scaling and translation. The infinitesimal action is

Ve = w0y, Vi = Oy
and

[Ve, vi] = —Vi.

This is the simplest example of a solvable group, which we define below
and which is one of the main examples where a frame can be defined
recursively. Prolonging the action to (2, u, Uz, Ugs. . . . )-Space, the group
orbits are two dimensional except along the plane u = u, = Uy, = --- =
0. By Exercise 4.1.17, with Y = v}, and X = v, we have

LTy o =10 TE (5.20)

This implies that the flow map 'y of X maps the flowline of Y through
to the flowline of Y through I';* (). For this to be true, we need I'¥ 'Y =
1"3_/(87,5)1"5(, see Figure 5.10. And indeed we have 7(s,t) = exp(t)s. This
can be verified in this simple case by noting

DT (u) = T (u+ ) = exp(t) (u+ 5) = Loy I (u)

exp

which is equivalent to Equation (5.20).

Let the transformation group 7 be that generated by the flows of both
X and Y, that [X,Y] = \Y, and that X and Y are linearly independent
(non zero). Suppose the action of 7 is free and regular. Then we can
take a cross section C for 7 which defines a frame p. We will show that
this can be written as a product of frames for the actions given by the
flows of X and Y alone.

The first step is to use the flow of the vector field X to create a cross
section

K' = U ¥ (K)

for the flow of the vector field Y. Consider Figure 5.11.

We first prove that we can define a frame for 7 recursively using K,
and then generalise to other intermediate cross sections.

By the Frobenius Theorem, the orbit O(z) of 7 through any one
point z where the action is regular is a 2 dimensional surface, and the
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LTy (2) =T oY (z)

Fig. 5.10. If [X,Y] = AY, then the flow of the vector field X maps flowlines
of Y to flowlines of Y.

flowlines of X lie
in K’

flowlines of Y

Fig. 5.11. The cross section K’ is comprised of flowlines of X; the flow of X
maps the set of flowlines of Y to itself.

intersection of that surface with I will be a single point, which we will
call k. See Figure 5.12.

Assume the action is a left action. Then a right frame for 7 for points
on O(z) is a map p : O(z) — T such that p(g * 2) = p(z)g~'. Since
K’ is a cross section for the Y action, there is a I'Y -equivariant map
py : O(z) — {T} |t} such that k¥ = p,(2) * z € K'. Then since K’
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Fig. 5.12. Defining a frame recursively. On the orbit O(z) of z, we have
{k} = KN O(2) and p(z) = px (k" )py(2), where k' = py (2) * 2.

is an orbit of X there is a unique I'Y such that T'Y (k') = k. Define
px (k') =T¥. We thus have

p(z) = px(K) - py(2), K =py(z)*z (5.21)

Reversing the process just described, we have that given a frame py
for the action of the flow of Y relative to the cross section X', and a
frame for the flow of X restricted to the cross section K, we may use
Equation (5.21) to define a frame for 7. (We remove the need for K’ to
consist of flowlines of X below.)

Lemma 5.6.1 The recursively defined right frame (5.21) is equivariant.

Proof We assume the action is left. To prove that p is equivariant,
that is, p(g * 2) = p(z)g~ !, there are two cases to consider. The first is
g= F?, which follows from

ov(gx2)=py(2)-g7 ', and py(g*2)*(g*2) = py(2)* 2.
For the second case, g = Ff, consider Figure 5.13. Even though py (g *
z) # py(z) in general, indeed equality holds only if the X and Y flows
commute, we still have g~ ' py (g% 2) = py (2)g~ " since both these group
elements take g * z to k" and the action is free. We then have

plg*2z)=px(K)g " py(g*2z) = px (K )py(2)g~"

as required. O
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flowlines of Y

Fig. 5.13. Diagram for the proof of equivariance in the case g = Ff, some S.

Finally, we remove the need for the intermediate cross section to be
composed of flowlines of X. Consider Figure 5.14, where we have de-
picted the vector field X restricted to the proposed new intermediate
cross section K'. Provided the projection of X|i/ to the tangent space
TK' of K’ is non zero, there will be an induced flow on K’ that can be
used to define px on K'. We leave it to the reader to check that the
frame thus defined satisfies the appropriate equivariance condition.

Fig. 5.14. Generalising the intermediate cross section. If the projection of
X to TK' is non zero, the induced flow on K’ can be used to define pX.

From the discussion in §5.4, we know that the cross section for the flow
of Y has coordinates that are invariants of that flow. Thus, the action
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of I'* induces an action on those invariants. Consider again the simple
scaling and translation action, Equation (5.19). By the theory we have
developed, there will be a scaling action on the translation invariants.
These are g, Uy, Uzzy, - - -and the induced scaling action is

—

Ug...p = eXp(G)uzmz-
The frame px is then a frame for this induced scaling action.
Exercise 5.6.2 Show that translation does not induce an action on the
scaling invariants of the action (5.19). Thus show a recursive frame

cannot be defined for the action (5.19) by first using a frame for the
scaling action followed by one for the translation action.

Exercise 5.6.3 Suppose that the action of T is right, not left. How does
this affect the formula for the recursively defined frame?

Exercise 5.6.4 Consider the 2 parameter Lie group with infinitesimal
vector fields

Ve = w0, —20,
vy, = xlogzd, —2(1+ logx)o,

These arise as the infinitesimals of the symmetry group of the ordinary
differential equation

Yza + iyx +e?=0 (5.22)
see Cantwell, 2002, Example 8.2. Show that
[Va, V] = Vq.
Show that one parametrisation of the group action is
T = ax’, y=1y—2log(ab) —2(b—1)logx

with identity element (b,a) = (1,1), and deduce that the group is G =
R x RT (or (C\ {0}) x (C\ {0}), depending if x and y are real or

complex variables) with product

(B,a) - (b,a) = (b, ac®).

Hint: the action on x and y will be a right action while the group product
refers to a left action of G on itself. Show that a matriz representation
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of this group is given by

ba) < (b) 1oiga )

d
D—p—
xdx

18 an invariant differential operator for the flow of Y = v,, and that the
differential invariants of the flow of Y are functions of
2 n d”
T expy, T @y, n=12,...
Show that the flow of X = vy, induces an action on the invariants of the
flow of Y = v,. The normalisation equations © = 1 and y = 0 yield the
frame, in parameter form,

Show that

b=xzexp(y/2), a = exp(—zlogxexp(y/2)).

Show the frame can be obtained recursively and write the frame in ma-
triz form as a product. Note: We will use moving frames to integrate
equation (5.22) in Chapter 7.

There are several ways in which the above discussion can be gener-
alised. The first is to the case where the transformation group 7 can
be expressed as the product of two subgroups, 7 = GH such that if g is
the Lie algebra of G and b is the Lie algebra of H then

[z,y] €h, for all z€g,yeh. (5.23)

Then the action of G maps orbits of H to orbits of H. One can then
define a right frame for 7 as p = pgpn.

Remark 5.6.5 If Equation (5.23) holds, we say that b is an ideal of the
Lie algebra of T .

Exercise 5.6.6 In Section 2.2.1 we defined the semidirect product of
two Lie groups. Consider the special affine group SA(2) = SL(2) x R?
given in Example 2.2.19. Use the standard representation given in
Equation (2.21) to write down a basis for sa(2). Prove the subalgebra
corresponding to R? is an ideal of sa(2). Consider the space (x,u,v).
Assume x is invariant, taking the standard linear action

(é):(aZ)(u%(Z;) (5.24)



5.6 * Recursive construction of frames 159

where ad — bc = 1, setting v = u(x) and v = v(z) and prolonging
the action to (U, V, Uy, Vg, Ugy, Vzg )-Space, so the action becomes free and
reqular, show that the SL(2) part of the group takes the set of orbits
of the translation group R? to itself, and further induces an action on
the translation invariants. Obtain the frame as a product and show it is
equivariant. Hint: the calculations are much easier if the inverse action
is taken, see Example 5.1.0; in this case p = przpgsr(2) since the action is
now a right action. Use the standard representation in Equation (2.21)
to write the frame p as a matriz product.

A second generalisation is to the case where the group is solvable.

Definition 5.6.7 A Lie group G is said to be solvable if there is a basis

Vi, Vo, ...V, for its Lie algebra g such that
Vi, v;] = Z CijkVk- (5.25)
k>max{i,j}

We also say the Lie algebra g s solvable.

Since (Vg,Vk41,-..,Vy) generates an ideal of (Vi_1, Ve, Vig1,...,Vy)
for each k = 2,...,n, a frame for a free and regular action of G can be
written as an n-fold product.

The standard example of a solvable group is that of invertible upper
triangular matrices. In fact, any solvable group can be represented by a
matrix group whose elements are upper triangular.

Exercise 5.6.8 Show that the Lie group of real invertible 3 x 3 upper
triangular matrices has Lie algebra

g= 0 ag4 a5 | ]a; €R

Let the basis elements w; be defined by
ap az as
0 a4 Qs = Z a;Wj.
i

0 0 Qg

Find a change of basis such that the new basis satisfies Equation (5.25).
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Exercise 5.6.9 Consider the three vector fields on (x,y)-space,

wi = (y—ay’)d,,
wy = 32?9?09, (5.26)
ws = y%0,.

Note x is invariant under the action induced by the flows of the vector
fields. Show these generate a solvable Lie algebra by finding a change
of basis, to v;, i = 1, 2, 3 that satisfies Equation (5.25). Obtain the
action on y generated by the v;. To make the action free and reqular on
some domain, prolong it suffuciently, to (T,Y, Vs, Yz, Yzza,---) Space,
and obtain a frame for the action. Show that the group underlying the
action can be represented as the subgroup of the set of invertible 3 x 3
upper triangular matrices, given by

exp(t) s r
0 10 | r,s,t €R
0 0 1

Show that vi and vo induce a flow on the invariants of the flow of vs,
and that vi induces a flow on the invariants of the flows of both vo
and vs. Hence show that a matriz representation of your frame for this
action can be written as a triple product.

A classical theorem of the subject is that an ordinary differential equa-
tion of order n with a solvable symmetry group of dimension n can be
integrated by quadratures. A moving frame demonstration of this theo-
rem will be given in Chapter 7, together with a far simpler integration
procedure. One of the joys of the moving frame approach is that the
solvability of the symmetry group is much less important for success in
integrating an ordinary differential equation than in the classical theory.

5.7 *Joint Invariants

This section concerns invariants for actions on sets of points, sets of
curves and so on, in other words, for the product action. Invariants
of product actions are called N-point invariants and were defined in
Definition 2.3.6. Moving frames were used to find N-point invariants
for the Euclidean action in Example 5.4.4. Differential invariants for
such actions involving more than one dependent variable are called joint
tnvariants. They are obtained by the same process as described earlier,
by evaluating the transformed variables on a chosen frame.
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Example 5.7.1 Consider the action on smooth curves in (uj,us,...)-
space, given by

s=s, u;=expla)u; +b, i=1,2,...

where a, b € R and where the action on each dependent variable s the
same. For the normalisation equations

u =0, urs =1
the frame is exp(a) = 1/u1,s, b = —u1/u1,s and the joint invariants are
k U — U1 k Uk, s ko Uk, ss
I" = ) Il - ) Ill -
Ui,s Uy,s Ui,s

)

and so on. For the normalisation equations uy = 0, uz = 1, the frame

isexp(a) = 1/(ug —u1), b = —u1/(u2 —u1) and the joint invariants are
Uk — U1 U, Ug,
Ik:77 ]{C:is’ ]{Cl:iss
U2 — U1 U2 — U1 Uz — U1
and so on.

It can be seen that the set of joint invariants includes the N-point in-
variants.

In this next well known example, we show that the solution of Liou-
ville’s equation is a joint invariant of the standard SL(2) action.f

Example 5.7.2 Liouwville’s equation is

ugyr = aexp(fu),

where o and B are nonzero constants that can be changed by scaling u
and x. We consider the product action on (f,g) by SL(2),

<af+b ag+b

), ad —bc=1,

T =ux, t=t, and where the key trick is to set f = f(x), g = g(t). The
solution of Lioville’s equation is then the lowest order joint invariant.
The restricted dependencies of [ and g yield, for any frame,

0=1L, K=11---122---2 n>0
——
n
0=1I}, K=11---122---2 m>0
—
m
1 This example was calculated after listening to a lecture by lan Anderson given

in Sommergy on the problem of deciding when a partial differential equation was
Darboux integrable.
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If the normalisation equations are

f=0, Jz=1, g=1
then the invariant derivatives of the lowest order invariants are

0
O = o

9
I = (i +2) 18

Hence the equation satisfied by I3 is

82
Setting v = log I3 yields a solution of Liouville’s equation with o = —2
and 8 = 1. Calculating the invariant I explicitly, by solving for the
frame, yields the well known solution.

We leave it to the reader to find joint invariants of other actions, and
the partial differential equations satisfied by the joint invariants. The
inverse problem, that of deciding when a partial differential equation
can be solved in terms of the joint invariants of some (unspecified) Lie
group action, is related to the problem of deciding when a differential
equation is Darboux integrable.



6

On Syzygies and Curvature Matrices

163
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In Chapter 5, §5.5, we introduced the moving frame for a prolonged
action, and in particular considered the distinguished set of invariant
differential operators {D;} that the frame yields, as well as the formulae
for the differentiation of the symbolic invariants, I7.

The existence of the correction terms N;; and My, in the formulae

DjJ; = 6ij+ Nij, Dl = I, + M,

has profound consequences for the study of invariant differential systems.
In this chapter, we consider the main features of the “landscape” of the
invariant calculus. In particular, we consider finite sets of generators of
the differential algebra of invariants, and the functional and differential
relations, called syzygies, that they satisfy.

For simple normalisation equations, naive “lattice diagrams” can be
drawn that show the location of generating invariants and syzygies,
and we show how to draw these. The theorems guaranteeing explicit
finite sets of generating sets of generators and syzygies in terms of the
normalisation equations, obtained by (Hubert, 2009a), are subtler to
state and prove than were originally thought; the statements in the
original Fels and Olver papers were proved later to hold only for for
so called minimal frames, (Definition 6.1.4). Simpler to obtain are the
generators obtained as components of the correction matrix K, given in
Theorem 5.5.6, and syzygies obtained as the components of the “Maurer-
Cartan equation”, Proposition 6.2.8, satisfied by these generators. For
applications we consider, these syzygies suffice; at the time of writing,
it is not known if these form a complete set of generators for the set of
syzygies or not.

The second part of the chapter is devoted to the curvature matrices

Qi =Dio- 0"

where g is a matrix representation of the frame. These matrices provide a
computational link between a differential system and its invariantisation.
For example, they allow Lie group based numerical integrators to be used
to integrate ordinary differential equations numerically, as explained in
Chapter 7. The major result we prove is that the matrices Q; can be
calculated for any given representation of the Lie algebra of the group,
using only the infinitesimals of the group action and the normalisation
equations. In particular, it is not necessary to solve for the frame.

The curvature matrices are well-known in differential geometry. We
examine in depth the most famous example, the Serret Frenet frame for
the action of the special Euclidean group on curves in R?, and show how
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the classical results appear in the symbolic invariant calculus notation.
We then consider some results for linear actions on curves in R" induced
by a matrix Lie group.

Notation Throughout this chapter, we continue with the notation used
in earlier chapters. We will assume that the Lie group G acts on the
space with local coordinates

(x1,x9,. .. ,zp,ul,UQ, o ud).
The zj, are the independent variables, u = u®(x1,22,...,2,) and the
action is prolonged to the jet space with local coordinates

where K denotes the multi index of differentiation with respect to the xj
and where the “...”
are denoted as

will be left implicit. The normalisation equations
Vi(rg,ut,ux) =0, j=1,...,r=dim(G).
The frame is denoted as p. The invariantisation map is given as

= F(Jkalaalgé)a

9=p

L(F(‘Tkauaau?()) = F(g “ Tk, 9 - uoz’ (g : u%{))

and the distinguished invariant differential operators are

Dkzﬁk‘ )
9=p

where Ek is defined in Equation 2.35.

6.1 Computations with Differential Invariants

To best appreciate the major differences between the set of derivative
terms {u%} and the set of their corresponding invariants {I%}, we re-
call first some simple facts. For a given smooth function u, the set
{u%} can be obtained by acting with differentiation operators on the
‘fundamental’ set {u®}, a = 1,...,q of dependent variables. Every
derivative term u% is generated by applying the derivative operators
0/0x; the requisite number of times. As coordinates of a prolonged
space, they are independent; there are no functional relations between
them. Furthermore the only differential relations between the u% are of
the form D¥u¢,, = DMy, for indices K, L and M, all of which are
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@ a
Uyy Uzyy . ‘
@ @ a
Uy Uzy — Uzay . .
Pou uwe. @ 0@
u Uy Uz Uzzx

Fig. 6.1. The “differential structure” of {u% | |K| > 0}

consequences of the fact that the operators commute. This situation is

represented in Figure 6.1.

A.

C.

D.

By contrast, we have the following;:

For fixed «, the set {I% ||K| > 0} may not be generated by I under
invariant differentiation. Indeed, I may be normalised to a constant.
In general more than one generator will be needed to obtain the com-
plete set, {I%}, under invariant differentiation.

The invariant differential operators may not commute.

There are functional relations between the invariants, given by the
normalisation equations.

Non-trivial differential relations, known as syzygies, may exist.

Further, when computing with invariant derivatives symbolically, the

following is also important.

E.

Invariant derivatives of the I may not be of polynomial type. If the
normalisation equations are polynomials and the infinitesimals are ra-
tional, then the correction terms are rational. Their denominators
consist of products of a finite number of factors which can be deter-
mined in advance.

We now look at these items in turn, beginning with the question

of generators of the algebra of differential invariants. We know from
Theorem 5.4.10 that any differential invariant can be written in terms
of the J; and the I%.
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Definition 6.1.1 We denote by Z the algebra generated by the set
(I li=1,....pia=1,....q; |K| = 0}.

Since any function of invariants is invariant, the set Z consists of invari-
ants. Further, invariant differential operators take differential invariants
to invariants. Since any invariant differential operator can be written in
terms of the D;, j =1, ..., p and the elements of 7, 7 is a differential
algebra with respect to the D;.

Definition 6.1.2 We say that the finite subset Ty, C I is a set of
generators if any element I € T can be written as a function of the
elements of Lgen, and a finite number of their invariant derivatives.

A classical theorem (Tresse, 1894) states that a finite set of generators
exists. Since we have the formulae (5.11), a first result is that a set
of generators is given by the (non normalised) J; and those Iy with
|K| <1+ |[¢|, where |¢] is the order of the normalisation equations.

Example 6.1.3 Consider the action of SL(2) x R* on curves x
(u(x),v(z)) € R? given by

(D) =(e i) () e (5 wrmsem

where T = x is the curve parameter. Since the single independent vari-

N RN

able is invariant, we have D = d/dx. Take the normalisation equations
to be

u=v=0, Uy = Vgz = 0, Ve =1,

so that I" = 1" =0, I} = I}, = 0 and I{ = 1. Since there is only
one independent variable, the diagram of invariants analogous to Figure
0.1 is also one dimensional; there is one diagram for each dependent
variable. They look like

u: 0 0 Iﬁ—p’lﬂl—’. e O
v D v
v! 0 1 0 Hi— i@ @

The arrow in the diagram does not mean that DI, = I}, but rather
that 11y, can be obtained in terms of DI}y and other invariants. From
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the normalisation equations, we see that the equations for the group pa-
rameters that define the frame involve at most second order quantities.
Hence, since 17 is the second order quantity evaluated on the frame, it
is a second order invariant. Similarly, both I, and I};; are third order
invariants. The table of infinitesimals is

r U v UK VK
ke /0 1 O 0 0
k|0 0 1 0 0
a 0 v —v wug —vi
b 0 v 0 vk 0
c 0 0 wu 0 UK
The K-matrix is
a b c ki ko
IU
K:x(() TR F —1)
Iy

Thus, we have the invariant differentiation formulae,
DI}y = Iy, DIy = Ity — Ity I

and

I,

u
len = Iful - I—“IHl
11

and so forth, and since the deriwative of an nth order invariant is of
order n + 1, we see that 17}, and I7 generate all the I by invariant
differentiation.

Example 6.1.3 above is an example of a minimal moving frame, (see
Hubert 2009a, §4.2). We give a working definition here:

Definition 6.1.4 (Working definition) A minimal frame for a pro-
longed Lie group action is obtained by using normalisation equations
that solve for as many group parameters as possible at every order of
prolongation.

The next example contrasts the “landscape of invariants” given by a
minimal frame and a non minimal frame for a simple group action.
Example 6.1.5 Consider the simple situation when the action on curves
in the plane parametrised by x — (x,u(x)) is

T = \x, U= u.
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w rtr—-@ @ @

@ 7P -0 @ @
Fig. 6.2. Diagrams of invariants for Example 6.1.5.

The lowest possible order normalisation equation is * = 1, yielding the
frame, A\ =1/xz. The invariants are

dan’

where we have used I to denote I7'. | with n 1’s in the index. Since the

1" = u, I = xuy, I =x

iwvariant differential operator is
1d
P
we have that 1" is the single generator. The diagram of invariants is
given in Figure 6.2 (i).

But suppose that we take the normalisation equation to be uy, = 1. The
frame is now \ = u,. We distinguish the system of invariants obtained
with this second frame, from those of the previous frame, by a ~ (a ‘hat’).
We have

-~ —~ — 1 d™u
J = xuy,, % = u, IV = ——
ul dzn

and the invariant differential operator is now

The diagram of invariants is given in Figure 6.2 (ii). The diagram
indicates that in addition to J, we need two additional generators, I
and It (recall I} = 1). But we also have two syzygies, namely

DJ=1+14J, DI*=1.
It can be seen that a minimal set of generators is thus T and j, that we
cannot reduce the number of generators further, and that we have still
the one relation on the generators.

It should not be assumed that invariants Jj play the role of the inde-
pendent variables in the standard differential rings. The above Example



170 Syzygies and Curvatures

6.1.5 serves as a warning. Indeed, the invariant derivative of the in-
variant corresponding to the independent variable, j, is in terms of the
second order invariant fg

We now look at some higher dimensional examples. The first ex-
ample illustrates the fact that invariant differential operators may not
commute.

Example 6.1.6 If the group is SO(2) x R? acting on the independent

variables as
(2)=( o (s

with the dependent variable u = u(x,t) being an invariant, then a moving
frame

@) B}

P(-Ta Y, U, Ug, Uy, ot ) = (arctan(—uz/uy), (:C’ y))

is obtained from the normalisation equations T = 0, y = 0, uy = 0.
Thus

J1:0, JQZO, I“:u, I?ZO
while the invariants corresponding to Uy, Uz, are

L = \Jui+u

2 2
Uy Uy — 2UgUyUgy + Uz Uyy

2 2
uz + uy

U
Ill

The right hand sides of these can be checked independently to be invari-
ants. Applying the Replacement Theorem, Theorem 5.4.9, verifies the
left hand sides.

The two invariant differential operators obtained by evaluating 0/0%
and 0/9y on the frame are

1
Dy = ————— (uy0y — uz0y)
\Juz + u%
1
Dy = (uzpOp + uy0y)
\Juz + uZ

These operators do not commute. In fact,

I I?
[D1,D5] = LDy + 2D,
I I
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Fig. 6.3. the “differential structure” of {Ix ||K| > 0} for Ex. 6.1.6

e 6 06 °
Iy I @ @
L I, @ @

Ds | Ds|
I“D—>O [ﬁ—D’l[fn o O

1

Despite the fact that I}' = 0 and thus D11 = 0, the invariant 1] is
not zero. As an example of the correction terms arising with invariant
differentiation, we have that

DIy, = Ity — 2—1%1[%2

)
which is not of polynomial type. In Figure 6.3, we show the “differential
structure” of the set of invariants. In this example there are two gen-
erating invariants, namely I and I} : it is not possible to obtain I7}
from I using invariant differentiation.

Because the formulae for the correction terms is so complex, it seems
a difficult question to say in advance just what the smallest set of gener-
ators and relations are, for a given frame. The difficulty is compounded
when one has normalisation equations for cross sections that are not
coordinate planes, and in particular that are nonlinear.

Drawing lattice diagrams of invariants and calculating symbolic in-
variant derivatives is a good way to begin to investigate which of the I7
may be generators. Two distinguished sets are the following;:

Definition 6.1.7 We denote by Z° the set of zeroth invariants,

Zoz{b(acj):Jj )y =I%j=1,...,p, a=1,...,q}
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Further, we denote by £ the set of edge invariants,

B Oy, _ o
E{L(azj) |k=1,....r, 5=1,...,p}.

If the normalisation equations are for a cross section that is a coordi-
nate plane, then the edge invariants can be located easily on the lattice
diagram of invariants; if a normalisation equation is 1??‘; = ¢ for some
constant ¢, then its corresponding edge invariants are Iy, for j = 1,

.., p. For minimal frames, the edge invariants give an easily visualised
generating set of differential invariants. The following result is proved
for example in (Hubert, 2009a, Theorem 4.2).

Theorem 6.1.8 If the normalisation equations ¥y, = 0, k = 1,...,r,
give a minimal frame, then I° U E form a generating set of differential
muariants.

Theorem 6.1.8 is false if the frame is not minimal. However, many use-
ful frames are not minimal. Hubert proves a generalisation of Theorem
6.1.8 which removes the requirement of minimality. The statement of
the result uses concepts from the theory of over determined differential
systems, and the proof uses results from non commutative differential
algebra. The result is important not least because it leads to a gener-
ating set of syzygies, the subject of §6.1.1. The next theorem, Theorem
6.1.9, also due to Hubert, (Hubert, 2009b, Theorem 4.2) is useful in
applications.

Theorem 6.1.9 Suppose the normalisation equations ¥y, = 0, k =
1,...,7, yield a frame for a regular free action on some open set of the
prolonged space with coordinates (x;,u®, uf). Then the components of
the correction matriz K, given in Theorem 5.5.6, together with Z°, given
in Definition 6.1.7, form a generating set of differential invariants.

Theorem 6.1.9 means that once we have calculated the correction ma-
trix K, which we need to do in order to use the symbolic differentiation
formulae, then we have already calculated a relatively small set of gen-
erating differential invariants.
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6.1.1 Syzygies

We now turn to the general question of relations and syzygies. In the
previous section we noted that the set of invariants Z is an algebra.

Definition 6.1.10 A syzygy S on the set I is a function of finitely
many elements of I that is identically zero when written in terms of the
coordinates (xy,u”,u%). The set of syzygies of T is denoted S(T).

Syzygies are often written as an identity or equation of the form
S(Jk, I*, I5%) =0,

where S has a finite number of arguments. In terms of a finite set of
generators {o1,...,on} of Z, a syzygy is an identity of the form

S(O’k,DKO'k) = 0

with a finite number of invariant derivatives of the oy appearing as
arguments of S.
There are two distinguished sets of syzygies.

(i) The first is the set of invariantised normalisation equations. Since
the frame p solves the equations ¥ (p-xy, p-u®, p-uf) = 0, then by
construction, ¢ (Jg, I*, I%) = 0. If the dimension of G is r, we will
have r normalisation equations which solve for the r parameters
and hence r = dim(G) of these relations.

(ii) The second distinguished set is the infinite set of symbolic invari-
ant differentiation formulae,

DjJi = 6ij + Nija Dj[% = I?éj + Mféj’
where d;; is the Kronecker delta.

Since functions of syzygies are again syzygies, and invariant derivatives
of syzygies yield syzygies, the set S(Z) is a differential algebra. Since we
can multiply a syzygy by an invariant and still obtain a syzygy, we say
that S(Z) is a module over 7.

As with Z, we seek a small finite set of generators of S(Z). A complete
set of generators of the syzygy module for edge invariants, (Definition
6.1.7), is given by (Hubert, 2009a, Theorem 5.14). This theorem requires
concepts from the theory of over determined differential systems and non
commutative differential algebra to state and prove, so we concentrate
instead on a discussion of the main types of syzygy and examples.

Two interesting kinds of syzygy are the following.
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(i) If I, is a normalised invariant but I is not, then in the equation
Dily = Ig, + My, the term I, must cancel. In terms of the lattice
diagram, these syzygies arise when an invariant maps into a “hole” in
the diagram of invariants, as in Figure 6.2 (ii) where DI* =1, or in
Figure 6.3 where D11 = 0.

(ii) If p > 1, another interesting kind of syzygy is possible. Let I§, I} be
two (generating) differential invariants, and let indexes K, M be such
that JK = LM. In the two equations for Dg I and D17, the term
ISy = I, must cancel, and then

Dkl —Dylf = MG — M7y (6.1)
is a syzygy.

Example 6.1.6 continued. Consider Figure 6.4. There are two paths
of differentiation from a generator to 145. Taking the two symbolic
differentiation formulae from I and I3} to 145 and cancelling the I,
term yields

u u 1 u \2 u \2 u U
DiDyI" — Dol = A ((111) +2(I1y) _111122)-

Since DoI* = I3, Di(13) = I}y and and Da(13') = I35, the syzygy can
be written in terms of the generators I* and Iy the form

Dy(I*) (DID2I" — DoIt) — ((151)2 +2D1 Do (1) — fﬁpg(fu)) =0,

where recall the order of differentiation matters. A different set of gen-
erators and their syzygies for this example is obtained as follows. The
correction matriz K for this action is

a b 0
z [—1 —ﬁ
1y
K= U
y\ 0 -1 I
13

and hence by Theorem 6.1.9, we can take oo = I, o1 = I}4/I3 and
o9 = I14 /I3 to be a set of generators. The syzygies between oo and o,
and between oy and os, are

Dg(o‘o)pl(Dg(Uo))—O’g = 0
'Dl(O'Q)—'DQ(O'l)—f—O’%-‘rO'g = 0.
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Fig. 6.4. Visualising a syzygy for Ex. 6.1.6; two paths leading to I, from
generators yields a syzygy.

Iy Iy ® O

D D
e, @ 9@
D, | Ds|

I 0 I It . .

6.2 Curvature Matrices

We consider first the simplest one dimensional case, that of a curve
s+ z(s) € U where U is the domain of the moving frame p : U — G.
Then the image of the curve under the frame yields a curve in G, s — G,
given by s — p(z(s)), see Figure 6.5.

Recall from Definition 2.2.1 that an n-dimensional matrix representa-
tion R of a group G is amap G — GL(R") such that R(g)R(h) = R(gh).
Note that this implies that if e is the identity element of G, then R(e) is
the identity matrix and further R(g™") = R(g)~*. Let o(z) denote the
matrix o(z) = R(p(z)). Then p(s) is a path in the matrix representation
space of G.

Lemma 6.2.1 Given a group action on U, let s — z(s) € U be a path
and assume that the parameter s is invariant under the group action, so
that d/ds is an invariant operator. Further, suppose the frame is given
in matrix form, o. If o: U C M — G is a right frame for a left action,
then

(i) the components of the matrix 050”1 are invariants, and

(ii) 050 ' :U — g.
Proof The first follows, setting z = z(s), from

(%Q(g : z)) o(g-2)"' = (%9(2)!]_1) go(z) = (%Q(Z)) o(2)

since the generic group element ¢ is independent of s. To see the second,
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Orbits

cross section

Fig. 6.5. A right moving frame on a curve parametrised by s in U yields a
path p(s) in G.

note that

d
EQ(Z(S)) S Tg(z(s))G
and hence right multiplication by o(2)~" yields the result. (Recall for a
matrix group, the tangent map induced by right multiplication is simply
right multiplication.) O

We leave it to the reader to work out the corresponding invariant
matrices for a left frame or a right action.

Lemma 6.2.1 generalises to images of g on surfaces in U, with d/ds
replaced by the invariant derivative operators D;.

Definition 6.2.2 We define the curvature matrices

Exercise 6.2.3 Show that the components of the curvature matrices Q;
are invariant, and that Q; : U — g.

Theorem 6.2.4, from (Mansfield and van der Kamp, 2006), provides a
new significance for the correction matrix K; its rows are the coordinates
of the curvature matrices, when expressed as a linear combination of the
relevant basis of the Lie algebra.
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If the coordinates near e in G are (a1, as,...,a,), then differentiating
R(ay,as,...,a,) with respect to a; at e, we obtain
dR
0O I (6.3)
dai g=e

which span a matrix representation of the Lie algebra g of G induced
from the representation R of G.

Theorem 6.2.4 The curvature matrices Q; can be constructed in a
matriz representation of g, induced from a representation R of G, with
basis {a;} defined in (6.3), using only the normalisation equations and
the infinitesimal action. Indeed,

Q; = Z Kija;
J

where K s the correction matrixz given in Theorem 5.5.6.

Remark 6.2.5 It is implicit in the statement of Theorem 6.2.4 that the
parameters a; used to calculate the matrices a; are the same as those
used for the infinitesimal action and hence in the calculation of K. In
practice, given a faithful representation, one checks that the Lie bracket
multiplication table for the —a; (note the minus sign) is the same as
that for the Lie bracket of the infinitesimal vectors. The change of sign
is due to the change of parity in the action of G, which is left for the
action of G on itself, but right for the action on functions on M.

Proof Choose g € G arbitrary with z = ¢g* z. On the one hand we have
DiR(p(2)) = Di(R(p())R(g)~"

= Q;

g=p(z) 9=p(2)

and on the other hand

DiR(p(2))

g=p(2) dp;(2) lg=p(2)

— i Eipj (z) dR(p(g))

r
E Kijllj
j=1

using the first expression for K;; given in Equation 5.13, and noting

p(p(z)* 2) = . O
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We demonstrate the theorem in two examples where the result can be
checked since we know the frame explicitly.

Example 6.2.6 Consider the action of SL(2) on (x,u(zx)) space given
by

~ . au-+b

T=ux u=—-:,

cu+d

, ad —bc=1
prolong it to (z,u, Uy, Ugs, ... ) space and take the frame u =0, uy =1
and Uz, = 0. Then the frame is

1 u Ugpp
a = \/u_z, b:*\/u_z, C:Tip, (64)

and
a b c
K=z (0 -1 3It,).

In matrix form, we have

9(a,b,c) = ( . (1+l;)c)/a )

and thus

(1o L0 L_(00
«e=\o -1 ) ®*~\ o 0 )’ c=\1 0

Inserting the frame parameters in Equation (6.4) into g(a,b,c) to obtain
0, we obtain directly that

0 -1
i o= 1 TxT 3 2
0:0 1 (u _um) 0

2\ uy 2 u?

B ( 0 1)
sl 0

Oag + (—1)ap + 134 ac
Kmaaa + biab + chac

Exercise 6.2.7 Verify the details in the following. Consider the action
of SL(2) on (x,u) space given by

_ ax+b

= U = 6¢(cx + d) + (cx + d)*u, ad —bec=1
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prolong it to curves on this space, that is, to (x(s),u(s), xs, Us, Tss, .- )
space and take the frame © =0, u =0 and x5 = 1. We have

a b
K=z (—3ify -1 —§I}')
and
1 x(s) 1

= h=— = _
a N N ¢ 6u(s)\/:cS
Using the same matriz representation of SL(2) as in the previous ex-
ercise, inserting the values of a, b and ¢ on the frame to yield o and
calculating 050~ both directly and using Theorem 6.2.4, yields

1
-1 -1 )
-1 _ 7411
0s0 =~ = (6.5)
° ( _%HA %Iﬁ
where the Replacement Theorem can used to produce the invariantisation
of 050~ when it is given in terms of (x,u, Zg,y...).

It can happen that the infinitesimal vector fields of a transformation
group are known, but not the group action, much less a matrix represen-
tation of the group. This is the case when investigating symmetry groups
of differential equations using Lie’s algorithm. Given the Lie bracket
multiplication table of the infinitesimal vector fields, a matrix repre-
sentation of the Lie algebra can always be constructed, a result known
as Ado’s Theorem; further, the construction has been implemented (de
Graaf, 2000). Applications of Theorem 6.2.4 to partial differential equa-
tions will be given in Section 6.6, and to invariant ordinary differential
equations will be given in Chapter 7. The analogue of Theorem 6.2.4
in terms of the infinitesimal vector fields, without reference to a matrix
representation, is given in §7.7

The following proposition generalises a result, well known in many dif-
ferent contexts, to the case of non-commuting invariant differential op-
erators. In differential geometry, this result is essentially the structural
formula for the Maurer-Cartan form (Choquet-Bruhat and DeWitt-Morette,
1982, p. 208), while in physical gauge theories, it is the zero curvature
equation.

Proposition 6.2.8 The curvature matrices (6.2) satisfy the syzygy

D;(Q;) — Di(Q;) = ([P, Dile)o™ ' +[Q;, Qil- (6.6)
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Exercise 6.2.9 Prove Proposition 6.2.8. Hint: oo~ = 1 implies Dy(0™ ') =
—0"'Di(0)o™"

If p > 1, the components of equation 6.6 yield first order syzygies of
the symbolic invariants.
Example 6.2.10 We take the group SO(2) x R? with representation

cosf sinf) —bsinf — acosl
R(a,b,0)"' = | —sinf cos® —bcosf+ asinf
0 0 1

acting on (x,t,u(x,t)) space ast =t and
T\ cosf  sind r—a
u ) \ —sinf cosd u—> )’

Since we use the inverse action we take the inverse of the standard repre-
sentation. The generators of the matrixz representation of the Lie algebra
are

0 0 0 0
a,=|1 0 0 O , a= 0 0 -1
0 0 0 0
and
1 0
ayg = -1 0 0
0 0 O

If we take the normalisation equations T = 0, w = 0 and uz = 0, the
correction matriz s

a b 0

z (1 0 I

K= 11

oz 1)
and hence
0 Iy -1 0 1% 0
Q= _Iﬂ 0 0 , Q= _I{E 0 _I;

0 0 0 0 0 0

Setting these into equation (6.6), from the (1,3) component we can de-
duce that

[Dz; Dy| = =111 15D,



6.3 Notes for symbolic computation 181

if we hadn’t calculated it already, while the (2,3) and (1,2) components
yield respectively

Dzlg = Iﬁa Dtlﬂ - Dzlfz = 15(1%1)2-

These last two combine to yield the syzygy between the generators, I3
and 1}y, namely

DuIjy = (D7 + (111)%) I3 (6.7)

Other fully worked examples can be found in (Mansfield and van der
Kamp, 2006). Applications of syzygies will appear in Section 6.6 and
in Chapter 8.

6.3 Notes for symbolic computation

In a symbolic computing environment, one often wants to simplify invari-
ant expressions with respect to the invariantised normalisation equations
and more generally the syzygies. Typically the normalisation equations
are polynomials in their arguments, and then, in order to obtain well de-
fined reduction processes, one must assume that that the normalisation
equations are an algebraic Grobner basis for the algebraic ideal they
generate. It should be borne in mind, however, that not all Grobner
bases are suitable to define a frame. The solution space of the equations
¥ = 0 needs to be a unique surface of dimension equal to that of the
ambient space less the dimension of the group. But this is not enough;
normalisation equations such as (I;)* = 0 will lead to undetected zero
coefficients of leading terms, and even zero denominators. So, the nor-
malisation equations need to form a prime ideal.

For a given term ordering on the set {I% | |K| > 0}, a normalisation
equation (.J;, I, I) = 0 (containing terms other than J;, j =1,...p)
will have a leading invariant term. This term is called a “highest nor-
malised invariant”. Denote the set of such highest normalised invari-
ants by HANZ. Similarly, we may take an ordering on the terms .J;,
j=1,...,pand obtain from those normalisation equations not contain-
ing any of the I%, a set HJ of highest normalised invariants deriving
from the independent variables.

Simplification problems noted above are eliminated if we assume that
the elements of HN'Z and ‘H.7 occur linearly in the normalisation equa-
tions. In this case standard simplification procedures have the effect
of eliminating the highest normalised invariants from all results of all
calculations.
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Simplifying with respect to differential syzygies in a well defined way
is a much harder problem. To begin with, depending on the group
action, the correction terms My ; may not be of polynomial type. If
the group action is rational and the normalisation equations are poly-
nomials, the correction terms may contain denominators. Fortunately,
the multiplicative set generated by factors of the possible denominators
can be determined in advance; they are the factors of the denominators
appearing in the matrix K.

The difficulties of forging a theory of differential algebra for the sym-
bolic invariant calculus, that gives well defined simplification processes
in a symbolic computation environment, for large classes of Lie group
actions, were overcome by (Hubert, 2005). The difficulty that sets the
invariant calculus apart from earlier work is the existence of non com-
muting differential operators. An exposition of Hubert’s paper is beyond
the scope of the present book, but it is important to be aware of the
difficulties of reduction processes in symbolic computation, and the ex-
istence of a solution.

6.4 *The Serret Frenet frame

This classical example concerns the linear action of the Euclidean group
SE(3) of rotations and translations on curves in R®. Since an element
of SO(3) is equivalent to an orthonormal basis of R*®, and since the
tangent space at a point of a curve is isomorphic to R?, one can think
of the moving frame, as a map from the jet space on curves to SO(3),
literally as a “frame” of orthonormal vectors at each point of the curve,
see Figure 6.6. This conflation of the classical and modern concepts of
frames applies particularly to examples arising in differential geometry.

We will first derive the Serret Frenet equations and then show how
they may be obtained using Theorem 6.2.4. This example is thus one
of several we calculate to demonstrate Theorem 6.2.4. In this particular
case, calculating everything needed to apply the Theorem looks more
complicated than obtaining the Serret Frenet equations directly, mainly
because we are giving complete details in this pedagogic example, and
using the opportunity to show how the new and the classical ideas are
related.

Remark 6.4.1 The value of Theorem 6.2.4 is not that it can be used
to reproduce well known results. The value lies in that the curvature
matrices can be obtained algorithmically in a symbolic computation en-
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vironment once the action and the normalisation equations are given; no
geometric insight is needed. Algorithmic methods allow one to play with
the normalisation equations and representations to find those that offer
particular computational advantages in the application at hand.

The method shown in this example can be adapted to a wide variety
of linear Lie group actions acting on tangent spaces.
Notation. We use (v,w) for the scalar product of vectors v and w,
and || v| =/ (v,V).

Let a curve s — (s) C R? be given. If s is arc length, then we have

(V(s).7'(s)) =1 (6.8)
for all s. This follows from the three dimensional Pythagoras’ Theorem,
which implies As? ~ (Az)? + (Ay)? 4+ (Az)?. The standard definitions
of T, N and B, the tangent vector, the normal vector and the binormal
vector at some fixed point on the curve, are

T =, N = Vss 7
HVSSH

From Equation (6.8) we have ||T'|| = 1 and (T, N) = 0, so that the three
vectors T, N and B form an orthonormal set, see Figure 6.6.

B=Tx N,

Fig. 6.6. An orthonormal “frame” of vectors defined at every point of a curve
in Ra; T is the unit tangent, while N and B lie in the plane normal to T'.

Definition 6.4.2 The definition of the Euclidean curvature of the curve
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~(t) CR™ at each point is

_ llve < yee |
R=—F]—">5".

(6.9)
el
The torsion is
S <% X %t,%tt>_ (6.10)

llve > vee |?

For a curve parametrised by arc length s, T = v, satisfies (T, T) =1, so
that

&= | Tsll = [lvssll- (6.11)
while the torsion becomes

1
7= (T, Tu x Tus) (6.12)

Exercise 6.4.3 Prove that the curvature and torsion are differential
invariants of the standard action of SE(3) on curves in R3.

Theorem 6.4.4 The Serret Frenet equations for a curve parametrised
by arc length are

T, = &N
Ny = —kT+ 1B, (6.13)
By = —71N

Proof The first equation follows from the definition of the curvature k.
To obtain the other two Serret Frenet equations, we first note that from
(T, T) =1 we have || Ts||? + (Tss, T) = 0. Differentiating T, = kN yields

1 5
N, =-T, — =N (6.14)
K K
so that (N, T) = —k. Next,
1
(N, T x N) = = (Toy, T x T.) = 7,
K
while (N, N) = 1 implies (N, N) = 0. Since any vector is determined by
its components in the directions 7', N and B, the second Serret Frenet

equation results. The third follows from the first two by noting that
B, =T, x N+T x Nj. O

Exercise 6.4.5 Show using Equation (6.14) that (Tss, N) = ks/K>.
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Exercise 6.4.6 If the curve is not parametrised by arc length, so that
(e, 7¢) = v is not necessarily unity, show that

T, = wvkN
Ny = —vkT +vrB
By = —urN
where
- N=BxT, B=_2Z0t_
[l v > el

If we put T', N and B to be the columns of a matrix g, we have that

g= (T N B) € SO(3). (6.15)

The matrix in Equation (6.15) is known as the classical Serret Frenet
frame. Indeed, since the columns are orthonormal, g7 g = I3, the 3 x 3
identity matrix so that ¢~' = ¢7. Also,

0 Kk 0
g lgs=| -k 0 7 | €s0(3) (6.16)
0 —7 0

by the Serret Frenet equations. This provides a different proof that s
and 7 are rotation invariants.

Our aim in the rest of this section is to show how Equation (6.16) is
of the form psp~! = A where A is given by Theorem 6.2.4.

The standard left action of SE(3) = SO(3) x R?® in R? is

(R,v)*x=Rx+Vv
and this prolongs to curves x(s) C R? as
(R, V) * (X,Xg,Xss,---) = (Rx+ v, RXs, RXs5,...)
since

d
g(Rx +v) = Rx;

and so forth. Thus the induced action on the matrix g = (T' N B) where
the vectors T, N and B are columns is

(R,v)xg=(R,v)* (T N B)=(RT TN RB) = Ryg
and similarly,
(R,v)*gs = (R,v) x (Ts Ny Bs) = (RTs RNy, RB;) = Rygs.

In other words, the action on the vectors associated with the curve is
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precisely that of left multiplication of the group SO(3) on itself, and the
prolonged action is that same as that induced by left multiplication on
the tangent space of the group 7'SO(3). This is precisely the case consid-
ered in Example 5.4.12. In that example, we defined a frame p(g) = g~ *
from the normalisation equation g = e, and so rho is “our Serret Frenet

_1, it follows that psp_1 = —g_lgs-

frame”. Since (¢71)s = —g 959

We now restrict our attention to the action on the coordinates x5, ys
and zs and their derivatives, that are equivalent to that for the frame
plg) = g~ above, namely § = e. We will then show that psp~ ' is
indeed the negative of the matrix appearing in the Serret Frenet frame
equations.

In the case at hand, the normalisation equation ¢ = e amounts to
T=100)7 and N = (01 0)7, from which B = (0 0 1)7 follows. In
terms of the original curve x = (z,y, z), we have since T = (x5 ys 25)"
that the three normalisation equations for the three rotation parameters,

giving “our” Serret Frenet frame, are
Ys = 25 = 255 = 0. (6.17)

Let 0,44 be the parameter of rotation about the origin in the (a, b)-plane,
and v, the associated infinitesimal vector field. The infinitesimal vector
fields of the rotation group are

Vay = YOy — 0y
Vy, = 20, —x0, (6.18)
Vy: = 20y —y0.

so that the table of infinitesimals is

S &€ y z yS ZS ZSS
Oy (O y —x 0 —z 0 0
010 2 0 —xz O —Ts —Tss
0y \O 0 2z -y 2z —Ys —VYss

The matrix K is thus

Kes < I, Lu >
I I

The Lie bracket multiplication table for the infinitesimal vector fields
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is

[, ] | Vay Vaz Vyz

sz 0 Vyz —Vzz (6 19)
Var | —Vyz 0 Vay '
Vyz Vaz _me 0

If we take a faithful representation of this Lie algebra to be

0 -1 0 0 0 1 0 0 O
Apy = 1 0 0 |, A= 0 0 0 |,A,:= 0 0 -1
0O 0 O -1 0 O 0 1 0
we note its Lie bracket table
| Aey As. Ay
Amy 0 _Ayz Amz
2
Az | Ay 0 —Agy (6.20)

Ayz _Azz Azy

is the negative of the Lie bracket table for the vector fields, (6.19). Hence
by Theorem 6.2.4 and noting Remark 6.2.5, we have

psp = Kapay) Any + Kap(e) Aaz + Kooz Ay
0 —Ii; 0
Il
_ Iil 0 I
I? Ity
IZ
0 111 0
Iy

If s is arc length, then pT = (1 0 0)7 = (I7 1Y I{)T by the Fels-Olver-
Thomas replacement theorem, so we have I7 = 1. Next, since

1 €T z
pN = pTs/k = p(Tss Yss ZSS)T = E(IH Ii!l Ill)T =01 O)T

we have k = I}; (and also I{} = 0, which follows as well from the
invariant differentiation formulae applied to I{ = 1). Finally,

Ts Ys Zs Iib 0 0
LTss  Yss Rss | = Ifl Ifl 0 = Iflijllfll'

T Y z
Tsss Ysss <sss 1111 1111 1111
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Hence
_IFnhIy, I
IO
Thus
0 —x O
psp ' = 0 -7
0 7 0

as promised.

Exercise 6.4.7 Redo the calculation above but with a scaling action
S = As on the curve parameter. Use the normalisation equation I7 = 1.
Can this be used to mimic the effect of s being the arc length, or are
additional equations still required? Hint: does the invariant If; =07

We will use the result of the next exercise in Section 6.6.

Exercise 6.4.8 Redo the above calculation but this time applying Ex-
ample 5.4.12 to the full rotation and translation group, SE(3). Use the
normalisation equations © =y = z = 0, that is, the generic point on the
curve is translated to the origin, as well as those used previously, given
in Equation (6.17).. Suppose that not only is the curve is parametrised
by (arc length) s, but that it evolves in time t. Taking s = s, t=t, show
the matriz K is now

kz ky kz Gzy GZ z eyz

1Y Iz
s{—=If 0 0o L 0 111
' Iy Ity

K= z z z JT
i\ -~ -1 I, I Ify  IHIh

oy ny o In,

where the k; is the group parameter for translation in the ith direction.
Show that if s is arc length, so that I7 =1, then I7} = Iy = 0. Using
the standard representation of SE(3) in GL(4), find pyp~* and calculate
the components of

9 40 -1 -1 -1
5050 T Pt = e psp ]

since both t and s are invariant, we have Dy = 9/t and Dy = 0/0s.
Show the resulting syzygies can also be obtained via the invariant dif-

ferentiation formulae. Draw the diagrams of invariants similar to that
in Figure 6.3 for this action and frame; there will be one for each of x,
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y and z, but the invariants 17, may all be determined in terms of the
others by virtue of IY = 1 when s is arc length. Show the generating
syzygies can be written in the form

s 1
al s ]=nl B (6.21)
T 13

where H is a matriz of differential operators with respect to s only, whose
coefficients depend only on k, T and I, and their derivatives with respect
to s only.

Exercise 6.4.9 There is a different frame for the Euclidean action on
curves in (R)® called the normal frame. The vector T is the same as for
the Serret Frenet frame, but there is a different choice of N and B such
that setting g = (T' N B) € SO(3), one has

0 —ky —ko
9 'gs=k 0 0 |. (6.22)
ks 0 0

Let x be a point on the curve, and consider the rotation in the plane
normal to T about the point x, that is, about the origin in TxR>, that
takes the Serret Frenet frame psp to the normal frame pn. Show prgl{ﬂ
is a rotation in the (y,z) plane about the x-axis. Show the associated
rotation parameter 6(s) satisfies a differential equation, 05 = T, and
that k1 = kcosB, ko = ksinf. Can the normal frame be obtained via
normalisation equations which are functions of xs, ys, zs, and their
derivatives?

6.5 *Curvature matrices for linear actions

In this section we examine linear actions of matrix Lie groups acting on
curves in R". Our study of this case was begun in §5.5.1; we repeat the
basic facts for convenience.

We denote the curve as a column vector u = (u'(z),v?(2),...,u"(z))
and take the linear action of G x R" as

(9,v) - u=gu+v.

By linearity of the action, if we denote the nth derivative of u with
respect to s as
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then
(g,V)~un:gun, n > 0.

We recall from §5.5.1 the formula for the symbolic differentiation of the
invariantised derivatives ¢(ug). If p is a frame so that puy = (uy), then
Equation (5.18) gives

d

) = e(wg) + pop™ o). (6.23)

Typically, the translation part of the affine group is normalised by
u = 0, and one then restricts to considering the action of G on u;, i > 1.
The frame p that one considers is then an equivariant map on the space
of first and higher order derivatives of the curve, to G.

The main idea of this section is to show how one might go about
choosing the remaining normalisation equations so that p,p~' has the
property that its non constant components are functionally distinct in-
variants. The main example we investigate is G = Sp(2). The result
for Sp(n), n > 2, amongst other examples, are detailed in (Mar{ Beffa,
2008).

Exercise 6.5.1 Let the Lie group G be of the form
G={AcGL(n)|ATSA =S} (6.24)
for some specified n x n matrix S. Show that the scalar functions
u} Su,
where k, £ > 0, are differential invariants. Further, if we define the
n xn matrix U as
U:(u1 us ...un), (6.25)
then
Ursu
has all its components invariant. If p is a frame for the action, so that
(U) = pU, show that
(NTSuU) =UTpt'SpU = UTSU. (6.26)
If ST = —S then show

d
1T (uf_HSuk) = uf_ﬂSuk.
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Consider G = Sp(2) C GL(4,R) where Sp(2) is the symplectic group
defined in Exercise 4.2.21. The symplectic group is of the form in Equa-
tion (6.24), where S = J and where J is the 4 x 4 matrix

0 I
J =
( Iy 0 )
and Iy is the 2 x 2 identity matrix. We have J? = —J and thus all the
results of Exercise 6.5.1 hold.
If the matrix U is given as in Equation (6.25), with n = 4 since
Sp(2) C GL(4), then the normalisation equations giving a frame for the

action on curves impose conditions on the entries of «(U). Since the
dimension of Sp(2) is ten, we need ten conditions.

Exercise 6.5.2 Setting

U:(u1 u uj LI4)

and
K1 = u2TJu1, Ko = ugTJuQ, K3 = u4TJU3,
show
I "
0 k1 —kK] —(K] — kK2)
!
K1 0 —Ko —K
vtju = , 2 =K,
Ky Ko 0 —K3
" !
Ky — K2 Ky K3 0

where we have denoted d/dx by a prime, ', and where this defines k.

To begin the normalisation process, we set the first four normalisation
equations to be W; = (1 0 0 0)”. This means that

1
0
L(ul) = 0
0
and since ((U) = pU satisfies
(T JWU) =UTJU =k, (6.27)

we obtain conditions on the next column, t(us) of «(U). Doing the
calculation reveals that we may choose all but one of the components
of Ty to be zero, but that we must have that t(u3) = —#; for Equation
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(6.27) to hold. Hence we take the next three normalisation equations to
be

A= =ag=0
and obtain
0
0
vug) = [ .
0

Setting this into Equation (6.27) reveals conditions on the third and
fourth columns, t(us) and ¢(uy) of ¢(U). Specifically, we must have

Ko Kb
K1 K1
(e(uz) e(ug) )= (u3) t(u?) ;
—r) =K+ Ko
) oud)
where
AR
v(ud)e(uy) — (uf)e(us) = K;TQ - :—j (kg — k) — Ks. (6.28)

We have three undetermined components of «(U) and three remaining
normalisation equations to be chosen. So far, we have not looked at
the form that p,p~ ' takes, and to do this, we note that we have both
Equation (6.23) to satisfy, and that p,p~' € sp(2). The form that
elements of sp(2) take was calculated in Exercise 4.2.21; they depend on
10 parameters and are of the form

ap a2 by bo
1 _ | a3 as by b3
Pzp =
C1 Co —aq —as
C2 C3 —Q2 —a4

Setting this together with the elements of ¢(U) obtained so far into
Equation (6.23), we obtain

4 2
Lu Lu
a1:a3202:0, as = — ( 3), b2: (3), C1 — R1.

K1 K1
(6.29)
We now take note that we want the components of p,p~! to be either
constant, or functionally independent invariants. Taking into account
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Equations (6.28) and (6.29), we may choose two more normalisation
equations from the components of us,

agzo, a§=I€1

Inserting all the above information and choices, into Equations (6.23),
(6.27) and (6.28) we have that ¢(u}) is determined, indeed we have

4y _ _hkeky Ry Koky K3
=g tatTg T
and that
I
c3 = 7L(U4)7 g = t(ug) + Qﬂ
K1 K1 K1
With all this, we have that so far
0 0 -z 1
1 "
0 = (25} — 1(u? 1 b3
pmpfl _ K1 ( 1 ( 4))
K1 0 0 0
1 1
0 s (Iigﬂlll — K2 — KhKY + /13/11) 0 - (2/1/1 — L(ui))
1 1

where b3 may be determined from a fifth order invariant using Equation
(6.23). In order to have that the non constant components of p,p~ " are
functionally distinct, the tenth and final normalisation equation is taken
to be

w3 = 2.
Finally, one has then that

K2 (L(u%) + Ko — 3&’1')

b3 == —
2 ! i
Ry + RiRg — R2Kky — R1KR3

while the other fifth order invariants are determined to be

1
R3 — Ko
Wug) = R
) = 2w
v(ud) = - (khk1 + Kok’ — 2KaKh — KYKY + Kgk))

1

It follows from Equation (6.23) that the sixth and higher order invariants
may be determined from k1, Ko, k3 and ¢(u?) and their derivatives.
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Exercise 6.5.3 Verify the calculations detailed above. Find an expres-
sion for t(u?) in terms of k1, Ko, k3 and kg = ui Juy (Hint: use the
Replacement Theorem). Conclude that k1, K2, k3 and k4 are a finite set
of generators and write p,p~ ' in terms of them.

(Mari Beffa, 2008) goes on to notice that setting k; to be the (j+1)st
order differential invariant appearing in p,p~', then

0 0 ke 1

S o 0 1 K
PeP =1 k0 0 0
0 ks 0 0

and then shows that in general, for G = Sp(2n) that for a suitable choice
of normalisation equations, one may obtain the beautiful result,

ko 1 0 0
1 ks 1 0
0
1 kop—o 1
pep L= 0 0 1 Eon
ki O 0
0 k3
. 0
0 an—l

6.6 *Curvature flows

As ever, the favourite example comes from an SL(2) action. For the

projective action

~ _ au-+b

r==x t=1t, u=——, ad—bc=1,
cu+d

)

the generating invariants are

wu Uz 3 [ Ugy : u Ut
Iy ={ur} = —— — & ) Iy =—.

Uy 2\ ug
Setting V = I ,, W = I¥, the syzygy is
9 3 9

5V = (@ +2V o+ Vz) w. (6.30)
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The operator on the right hand side of Equation (6.30) is well-known as
one of the Hamiltonian operators associated with the Korteweg-de Vries
equation; if the function u(z,t) satisfies the equation V' = W, that is,
uy = ug{u;x}, then v = V/2 satisfies the Korteweg-de Vries equation,

V¢ = Ugpa + 6VV,.

This example is one of many that go under the general name “cur-
vature flows”. The picture is that of curves u(x) in the plane evolving
in such a way that if two curves are related by a group action at time
t = 0, then so are the curves after time ¢;

(g-u1 = u2) = ¢g-up = us for all ¢.
t=0

See Figure 6.7.

Fig. 6.7. An invariant evolution of curves commutes with the group action.

The first key idea involves the signature curve of a curve under a
moving frame.

Definition 6.6.1 Given a Lie group G, an action of G on a manifold
M, and a right moving frame p : U — G with domain U C M, the
signature curve of a curve y(s) C U is the image of v under p.

All curves equivalent to «v under the group action have the same signa-
ture. One can think of the signature as being the projection of the curve
onto the cross section K used to define the frame p. Since this cross
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section has coordinates which are the invariants of the action, another
way to think of the signature is as the invariantised curve in invariant
space.

Exercise 6.6.2 Consider the group SE(2) of translations and rotations
in the (xz,u) plane. A smooth curve in the plane s +— (x(s),u(s)) yields
a curve s — (x(8),u(s), Ts, Us, Tss, Uss, - - . ) in the prolonged space, and
hence a curve in the space of Euclidean invariants, s — (K, ks, ... ) where

UssTs — TssUs
2 2\3/2 °
(uf +a3)¥

Plot s — (k,ks) where k is Euclidean curvature for parabolas s +—
(5,8 + Bs + ) for various o, 3 and v. What do you notice? What
are the signature curves for circles? ellipses?

Exercise 6.6.3 For the standard linear action of SE(3), of rotations
and translation in (x,y, z) space, plot the signature curves s — (k,T) for
a selection of curves in 3-space, including spirals, under the FEuclidean
group SE(3); see Definition 6.4.2 for definitions of the curvature k and
the torsion T.

To ease the exposition, we describe the calculation of the curvature
flow equation in the simplest case, curves on the plane. Suppose that
a curve y(s) = (x(s),u(s)) is evolving in time, and that we have a
group action on (x,u) which we prolong to some suitably high order.
Then so will the signature curve evolve. If the evolution commutes with
the group action, then we can study the evolution of one in terms of
the other. To incorporate the time dependence on v, we could write
7(s) = (2'(s),u’(s)), or equivalently (s,t) — (z(s,t),u(s,t)), which is
simpler. The evolution of curves is then a system of partial differential
equations for z and u. We set ¢t = ¢ and treating x and u as depending on
both s and ¢, can prolong the action to obtain an action on derivatives
of z and u with respect to time.

Since there are two independent variables, the error matrix K will
have two rows from which we obtain the entries to the matrices

Q. =050 ", Q=00 "

Calculating
0

0
&Qs = %Qt + [Qta Qs]
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as in Proposition 6.2.8 leads to syzygies between the “spatial” invari-
ants obtained by invariantising pure s-derivatives of the dependent vari-
ables, and the “time” invariants obtained by invariantising their pure
t-derivatives.

The particular feature of the normalisation equations for moving frames
applied to flows on spaces of curves, is that they involve only the de-
pendent variables and their s-derivatives. In the case of curves in the
plane parametrised as (x(s), u(s)), typically there will be one generating
invariant for each of x and u, I7 and Iy, say. One then finds that the
syzygies can be written in the form

(15N (I
at(l;z >H< I;) (6.31)

0
where H is a matrix of operators depending only on powers of 95’ the
S

generating s derivative invariants, I7 and [}, and their s derivatives.
Let the spatial derivative invariants be generated by

Ij=n  Ig=kr.

A curve evolution which commutes with the group action is standardly
of the form, after invariantisation,

121 = f(n’nsa-'-aﬁafisa"')a

> 6.32
12 = g(n?nsa'--aﬁ:,fis,...) ( )

and inserting this into Equation (6.31) yields a system of partial differ-
ential equations for the generating spatial invariants. If there are more
spatial derivative generators than one for each dependent variable, the
syzygies between them need to be included in the system. This system is
denoted as the “curvature flow equations” induced by the flow on curves
given by Equation (6.52).

Thus the Korteweg-de Vries equation is the curvature flow correspond-
ing to the flow on curves given by u; = u,{u;x}; this latter equation is
called, perhaps unsurprisingly, the “Schwarzian KdV” equation. Note
that reparametrising (z,u(x)) as (z(s),u(s)) is unnecessary when z is
invariant under the group action.

The second most famous example involves the Euclidean action of
curves in R®. Here the flow on curves is the vortex filament equation,
and the curvature flow is solved in terms of the nonlinear Schrédinger
equation. Details are given in (Mansfield and van der Kamp (2006)).
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A third beautiful examplef is given by examining the standard action
of SL(2) x R? on curves in R%. We now look at the details of this
example. The action is §= s, ¢ = ¢ and

(5)-( D)) (1) e

The normalisation equations we take are

N RN

U=7T=10s = Usgs =0, Uy = 1.

The matrix of infinitesimals is

U

ki /1 0

ke | O 1

a | u —v
v 0
0

and the error matrix is

kl kQ a b &

I’IJ,
s(1 0 o 2L 13
K= [{}1
t\ Iy L I % Iy
11

We consider the case I} = 1. This is equivalent to considering curves
(v, u(v)) under the projective action, and taking the curve parameter v
to be the “equi-affine arc length”. Setting

_ JV _TJU
1 =1, k= I3,

the syzygy between I} and I3 becomes

02 0
I3+ kIY + 314 =0,

0s? s
which is solved by
5 = ks
A 639

This system, together with I7;, = 1 is our flow on curves; to obtain it
explicitly in terms of u and v, one needs to solve for the frame and
evaluate the invariants as functions of u and v.

1 This example was worked out with Gloria Mari Beffa.
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Putting Equations (6.33) into the syzygy between I}, and I3 yields
the curvature flow equation,

5
0= Ki+ —Fgs + —Ksh> — —Khgss — —Kgliss- (6.34)

3 3 3 3
A simple rescaling of variables, s — x, t — 3t, kK — —2y shows that this

is in fact the famous Sawada Kotera equation (Ablowitz and Clarkson,
1991),

Thus far all three curvature flow equations described are well known
integrable equations possessing Lax pairs, an infinite number of conser-
vation laws, soliton solutions, and so forth. In fact, if the flows on curves
is integrable, then so is the curvature flow equation, and vice versa, in
the sense that if one has an infinite number of conserved quantities then
so does the other. This is proved in (Mansfield and van der Kamp, 2006)
by showing the conservation laws factor through the syzygies. The for-
mulation of the syzygies in terms of a matrix H, as in Equation (6.31),
is pivotal to the discussion.

Much more can be said about moving frames and partial differential
equations. We refer the reader to the recent papers (Gloria Mar{ Beffa,
2004, 2007, 2008a, 2008b).
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We have seen that a group action on a space M induces an action on
curves in M and a prolonged action on their tangents and higher order
derivatives. Consider now the set of solution curves to an ordinary
differential equation, or ODE for short, A(z,u,us,...) = 0. If G is
a symmetry group of A, then there is an induced action on the set
of solution curves, that is, the action maps solution curves to solution
curves. We say two solution curves are equivalent if there is a group
element mapping one curve to the other. This is shown in Figure 7.1,
which also shows how the frame projects an equivalence class of curves
to one curve on the cross section K, drawn here as a surface in M.

projected

curve I(z(x)) solution

curves z(x)

Fig. 7.1. The moving frame on the solution curves of an ODE.

The first main result of this Chapter is that the moving frame reduces

the equation A(z,u, uy,...) = 0 to the system,
A(J I I, ...) = 0, (7.1)
Do = Qo

where recall J = «(z), It = t(ug), the first equation is the invarianti-
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sation of A = 0 obtained using Theorem 5.4.9,

dz\ ' d
D=(—) —
(dz) dx

is the invariantised operator, Q is the curvature matrix defined in Equa-
tion (6.2) and p is a faithful matrix representation of the frame p. Recall
that Q can be obtained in terms of the symbolic invariants knowing only
the infinitesimal action and the normalisation equations, using Theorem
6.2.4.

The first equation solves for how the components of Q depend on the
independent variable x, so the second equation is an equation for p. The
system (7.1) is thus triangular: the first equation is independent from
the second, and the solution of first is needed to solve the second.

Once we have solved for the frame p, the function w is obtained from
u = p~'-I% To make the calculations tractable, often we need to
reparametrise the variables so that the independent variable is an in-
variant. This ensures that no tricky differential operators are intro-
duced in the equation for the frame. Moreover, we are free to choose the
parametrisation to simplify the reduced system as much as possible.

Classical reduction methods are at their most powerful when the sym-
metry group is solvable, and in this case, the classical reduction process
leads to a solution of the ODE by quadratures. Moving frames can
be used to advantage in this case since the equation for p, the matrix
representation of p, can be chosen to be triangular.

But moving frames can be used to handle cases where classical meth-
ods give only partial information. To show the power of the ideas while
keeping the calculations tractable, we study equations invariant under
SL(2). This group is semisimple, the opposite of solvable, and in these
cases we see the advantage of a moving frame approach. Note that
(Stephani, 1989, Chapter 7) gives a method to solve SL(2)-invariant
ODEs of order 2 or less. The method here is for SL(2) invariant ODEs
of order greater than 2. We give a moving frames proof of Schwarz’ The-
orem and then solve the Chazy equation using moving frames. This last
equation was solved by (Clarkson and Olver, 1996) in a tour de force,
and the methods there do not generalise to other groups.

In the final section of this chapter, we discuss how the calculations may
be performed using only the vector field presentation of the Lie algebra
of the symmetry group, that is, without knowing the group action or
a faithful matrix representation. This is important since it is these
vector fields that are normally given by symmetry software packages.
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Integrating the vector fields to obtain the group action, and then finding
a matrix representation, can be difficult computations.

7.1 The symmetry group of an ordinary differential equation

Definition 7.1.1 A group G is said to be a symmetry group of an
ordinary differential system A =0, if the induced action on sufficiently
smooth curves maps the set of solution curves of A =0 to itself.

The group action also induces a map on the equations themselves,
g-ANij(z,uyug,...) =0i(g- 2,9 u,...).

If each A; is a differential invariant of the prolonged action of G, then G
is a symmetry group of A = 0. More generally, G is a symmetry group
of A = 0 if there is an invertible matrix (or non-zero function in the case
of a single equation) u(g, z,u, uy, ...) such that

Alg-z,g-u,...)=u(g,x,u, Uz, ... )A(x,u, Uy, ...) (7.2)
in which case we say that A is a relative invariant system.
Example 7.1.2 The solution space of uz, = 0 is the set of straight

lines in the plane. The well-known symmetry group of this equation is
the 8-dimensional SL(3) acting as

_ar+butc
g = hx + ku+ ¢
(7.3)
_dvteu+tf
I T v ku+td
where
a b c
g=1| d e f (7.4)
h k ¢

has determinant 1. It is straightforward to check both that

. ha + ku + ¢ ’
Ugy = — Uz
ch — al + (bh — ak)u + (ck — bl + (ak — bh)x)u,

and that the line ax + fu + v = 0 maps to another, ax + gu +75=0.
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Exercise 7.1.3 In FExample 7.1.2, calculate the induced action on the
coefficients o, 3 and .

If h(t) is a one parameter subgroup of G, then setting g = h(t) into
Equation (7.2), differentiating with respect to ¢ at t = 0, and evalu-
ating the result on the surface A = 0 in (x,u”, u%) space, yields the
infinitesimal criterion for h(t) to be a symmetry of A = 0, namely

(viA)[a=0 =0 (7.5)
where

Vi =Y (€00 + 6% Oue + O Ous,)

a, K

where recall from Definition (2.6.12),

OT; ou®

:fja ?aj

the infinitesimals of the group action. Recall the infinitesimal action

-
o oug-

- Rl
g=e J (9aj

= 9k (7.6)

g=e

aa]— g=e

on the derivatives u% is obtained via the prolongation formula given in
Section 2.6.

Lie’s algorithm (see Remark 2.6.16) for finding the symmetry group
of a differential system finds all possible vy, - z; = & (z,u) and vy, - u® =
¢“(z,u), such that Equation (7.5) holds. For systems, there are some
subtleties involved in whether Equation (7.5) implies A is a relative
invariant system (Olver, 1993, §2.6).

Example 7.1.4 Consider the equation

A G oy sy =0 (7.7)
Y x x
Lie’s algorithm yields & and ¢ depending on 8 different constants, and
thus the symmetry group has dimension 8; the coefficient of each con-
stant gives a different basis element for the Lie algebra. Figure 7.2 gives
& and ¢ for each basis element. Taking the fourth symmetry vector
vy =20, — xy28y prolonging it to order 2 and applying it to A yields

(20, — zy28y — (y2 + 22Yys + Yz)0y,
*Q(nym + xyi + TYYza + yzz>ayu]A
=—-2(1+ay)A

as required. We leave it as an exercise for the reader to verify the other
seven symmetry vectors. We note that not all software implementing
Lie’s algorithm finds all eight symmetry vectors for this example.
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v . S é
Vi — —1 —g
Ty T
Vo —? + — 3xy — 2
1 2
V3 —_— y—
T T
Va4 x —xy
3 3 2 2
Vs T oy — 227y
V6 0 fny +vy
2 2
V7 0 7y
2
Vs 0 Yy

Fig. 7.2. The infinitesimals for the symmetry group of Equation (7.7).

Remark 7.1.5 [t is a theorem that if a second order ordinary differential
equation A(Z, Y, Yz, Yzo) = 0 has an 8 dimensional symmetry group, then
there exist coordinates X = X (z,y), Y =Y (X,Y) such that the equation
becomes Yxx = 0. See for example (Ibragimov, 1992).

7.2 Solving invariant ODESs using moving frames

In this section we give a detailed outline of how to solve an invariant or-
dinary differential equation, given a symmetry (sub)group of dimension
less than the order of the equation. In fact, we need also to assume that
the prolonged action of the symmetry group is free and regular in some
domain in (z,u,...,d"u/dz") space where n is the order of the equation
and where the domain includes solution curves to the equation.

7.2.0.1 Step 0

We are given an ordinary differential equation with symmetry group G.
If the independent variable is not invariant under the action of G, we
reparametrise solution curves to

Us

x = x(s), u = u(s), Uy = —, ...
s

and set s = s. This ensures
d
Dy = —.
T ds

Thus the equation A = 0 can be written in the form

F(z,zs,...,u,ug,...) =0,
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where we have used F' instead of A to distinguish the reparametrised
equation from the original. The variable s will not appear explicitly in
this equation.

Exercise 7.2.1 Show the chain rule yields
d 1 d

dr x_é ds
and hence that

Gy &y 1d(1d)_ sy

de x5’ dz?2  z,ds \z,ds x?

Find d3y/dx3 in terms of x, y and their derivatives. Note: in this
context, the chain rule is also known as implicit differentiation.

The equation F' = 0 is invariant under arbitrary reparametrisations,
5= f(s), and we may take a companion equation,

G(s,z,xs,u,Us,...) =0

in order to have a well-determined system. The companion equation
can be thought of as fixing the parametrisation. It turns out that we
don’t actually need to solve it, thus we may choose it so as to ease the
calculations provided the resulting system has the correct dimension of
solution space. The companion equation needs to be compatible with the
equation being solved and the choice of companion equation is justified
at the end of the calculation. If the system F' = 0, G = 0 has the same
dimension solution space as A = 0 we say the companion equation is
compatible, otherwise not.

7.2.0.2 Step 1

We suppose now that F' = 0 is of higher order than the dimension of the
group, and that 7 = I and ¢ = I}, are the generating invariants for
some multi indices K° and J°, so that the equation takes the form,

0=F{I" I7,.. ., I 11, . ..) = F(Ny sy ooy By Ky v - ).

Note that s will not appear explicitly. This rewrite uses the Replace-
ment Theorem 5.4.9, as well as the symbolic differentiation formulae to
write higher order invariants in terms of 17 and ¢ and their derivatives.
Similarly, the companion equation becomes

Ozg(naUSa---,O’,O’s,...).
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If the frame is such that more than one invariant is needed to generate
the set {I} ||L| > 0} or the set {I} ||L| > 0}, then syzygies between the
generating invariants need to be included in the differential system for
the invariants.

If z is an invariant, then one does not need a companion equation,
and 7 will not appear.

We thus obtain a system of ODEs I(A) = 0, namely F = G = 0, for
the generating invariants.

7.2.0.3 Step 2

Solving I(A) = 0 for the generating invariants, we obtain the entries of
the curvature matrix, Q@ as functions of s.

7.2.0.4 Step 3

Next, we solve the equation g, = Qp, equation (6.2), for o(s), and from
this we obtain the frame p(s) in parameter form.

7.2.0.5 Step 4

Once we have p on solutions of the invariantised equation, we obtain x
and u and indeed all the derivatives of u from

2(s) = pMs)-I°(s)
u(s) = p~M(s)-I%(s)
d(s) = pNs)-Ii(s) (7.8)
W(s) = pis) - T(s)

where the action, -, is the one relevant for that jet coordinate. Note that
the initial data for the p; = Qp equation yields initial data for =, u, ug
and so on. A close look at Figure 7.1 reveals that some redundancy in
the initial data required by the moving frame solution method will exist.

7.2.0.6 Discussion
Observe that

e We don’t need to solve the companion ODE for x explicitly.

e We don’t need to know what the Iy and I are as explicit expressions
of the derivatives of u and z.

e To obtain F = 0 from A = 0 we need only the normalisation equa-
tions. To obtain Q we need know only the infinitesimal action and
the normalisation equations.
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e We can obtain x and u numerically from knowing p numerically.

We discuss the implications of our method for symbolic and numeric
computation in more detail in §7.6.

7.3 First order ordinary differential equations

We illustrate the method outlined above on a simple first order equation.
See (Cantwell, 2002, Chapter 6) for an excellent discussion of using
symmetries to integrate first order ordinary differential equations. Here
we show how moving frames and the method introduced in this chapter
contributes to the topic.

Consider the ordinary differential equation

zy2 — 3yy, +92° =0 (7.9)

First order equations are equivalent to vector fields and the flow of the
corresponding vector field will be a symmetry of the equation. Finding
that particular symmetry action is equivalent to solving the equation,
so one looks for an additional symmetry, either using look-up tables
such as that in (Cantwell, 2002, p. 158) or by inspection. Ouly a single
one parameter group action is needed for a first order equation. If the
action is a translation in either the independent or dependent variable,
the ODE may be integrated immediately by quadratures. We discuss
these cases at the end of this section for completeness.
For Equation (7.9) a suitable symmetry group action is

a-x = exp(2a)z, a-y = exp(3a)y (7.10)

so « € G = (R, 4+). Since x is not invariant, we reparametrise to
x = x(s), y = y(s) and the equation becomes

2
x(y—) — 3y p o2 =0 (7.11)
T T

Taking the normalisation equation to be = 1, (we leave it to the reader
to work out the domain of the frame) the error matrix is

1 €T
<= (51).

the invariant operator is D = d/ds, and we have DIV = I} — 3I{1Y.

Taking the companion equation to be I7 = 1 the invariantised equation
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is
a N\ 9
—1Y) —=(I%)?*+9=0.
<ds > 4( S
This is easily solved, as it is separable, and the general solution is

Yo 2
IV = 5 exp(3s) + ” exp(—2s)

where yo # 0 is a constant of integration. There are also two special
solutions [Y = £2.

The matrix representation of the group is
exp(a) — (exp(a)) € GL(1).
Solving
0s =Ko = (3I{)o = (3)e

gives 0 = (poexp(s/2)) where pg is a constant. Hence looking at the
general solution of the invariantised equation,

1
w(s) = p - IT=pt1=Fexp(—s),
Po
y(s) = pt- 1
1 3.y (%o 3 2 3
= P exp(—35) (7 exp(3s) + o= eXp(—§S))
0
2 Yo
= exp(—3s) + —.
PoYo 203

Eliminating s, we have

1 203
y = ka® + —, =20

7.12
k " (7.12)

and it is easily checked that this is the general solution to Equation (7.9).
This family of cubics is plotted in Figure 7.3 for real z and y.

Obtaining the solutions to (7.9) corresponding to [V = +£2, yields
y = +27°/2 , which form the envelope to the family of cubics, also
plotted in Figure 7.3. This curve is mapped to itself under the group
action; restricting to real x and vy, it consists of three orbits of the action,
since the origin is a fixed point.

Note that we needed only the normalisation equation, the infinites-
imals and the explicit group action. We did not need to solve for the
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frame from the normalisation equations, nor did we need explicit expres-
sions for IY and I{ in terms of x and y, nor did we need to solve the
companion equation I = 1 for x to obtain the (implied) parametrisa-
tion.

—2

Fig. 7.3. The solution curves for real z and y to Equation (7.9).

Exercise 7.3.1 Obtain the action induced on the solution curves by
(7.10) given in Equation (7.12) or equivalently, find the induced action
on the constants of integration.

Finally we note that if a first order ordinary differential equation
A(z,u,u,) = 0 is invariant under the group action ¥ = x + €, then it is
of the form u, = f(u) which can be solved implicitly by quadratures,

du n
— =x+c
(u)
so moving frames are not required in this case. Similarly if A(x, u, u,) =
0 is invariant under & = w + € then it is of the form wu, = f(z), with

solution u(x) = /Z f()de.

Remark 7.3.2 The classical method of integrating an ODE invariant
under a one parameter group action involves finding the coordinate sys-
tem in which the group action is translation; the so called canonical
coordinates guaranteed by Frobenius’ Theorem. One of the joys of the
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moving frame method is that the need to solve for the canonical coordi-
nates is removed.

7.4 SL(2) invariant ODEs

In this section we consider ordinary differential equations invariant under
the actions of SL(2) listed in Example 2.2.14. For ODEs invariant under
the first action, we give a moving frame proof of Schwarz’ Theorem.
An example of an ODE invariant under the third action is the Chazy
equation, which is considered in §7.4.2.

7.4.1 Schwarz’ Theorem

Consider the first of the SL(2) actions listed in Example 2.2.14, but with
the independent variable invariant, which is

~ . au+b
T =z, uw=—-",
cu+d

ad — bc = 1.

The generating invariant is

(i = Ve 3 (e (7.13

Uz Uz

also known as the Schwarzian derivative of u with respect to x.
Theorem 7.4.1 Schwarz Theorem. The general solution of
{usz} = F(x),

where {u;x} is defined in (7.13), is given by

_ hi(x)
u(z) = (@) (7.14)

where the 1; are independent solutions of
1
Vaa + 5 F(2)1) = 0. (7.15)

The formula for the general solution can be verified directly. However,
the use of moving frames allows one to derive it, and hence we can adapt
the proof we give here to solve a multitude of similar problems.
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Proof Since the independent variable is invariant, there is no need to
reparametrise. Take the normalisation equations to be

u=0, up=1 Uyp=0,

and then in the standard matrix representation of s((2) we have,

0 —1
Q = 1 u ;
51111 0

as was calculated in Example 6.2.6. Since the invariantised ordinary
differential equation is

Iy = F(ac)

we have that the equation for the frame is

0 -1
Oz = ( %F(x) 0 )Q-

Setting

o1 T

Q -

02 T2

we obtain
01,0 = —02, 02,0 = s F(x)o1
so that
1

and similarly for the 7;. That is, both o1 and 71 satisfy equation (7.15).
Taking o1 and 71 to be two non zero independent solutions of (7.15)
with Wronskian 01,71 — 0171, equal to one, we have that

-1 _ —Ti,e —T1
o = .
01,z g1

(@) = pla)t I

Hence,

77’1@]“ — 71
0‘1@[“ + 01
71
g1
as I" = 0. O
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Exercise 7.4.2 Show that the Wronskian o1 571 — 01715 5 a constant

when o1 and 11 both satisfy 1., + %F(m)z/} = 0, and that it may be taken
equal to one without loss of generality. Hint: consider the constants of
integration u(0), uzy(0) # 0 and ugy,(0) in terms of 01(0) # 0, 01,,(0)
and 71(0).

Exercise 7.4.3 Use the method of moving frames to find the analogue
of Schwarz” Theorem for

({u; z})e +{u; 2} = F(x).
Hint: first solve w, +w = F.

7.4.2 The Chazy Equation
The Chazy equation is

2
Upgpy = 2UUgzy — U,

and more generally,
Ugpzx = 2uuzz - 3Ui + CY(6'U/1 — U2)2 (716)

which arises in many contexts, (Ablowitz and Clarkson, 1991). One
form of the general solution was written down by Chazy, who gave no
hint as to how he found it. Another form of the solution was obtained
using Lie symmetry theory by (Clarkson and Olver, 1996) . The form of
the solution found by symmetry methods differs from that written down
by Chazy. A straightforward application of moving frames yields the
Clarkson and Olver form of the solution. It is not known if Chazy’s form
of the solution can be found by a different choice of the normalisation

equations.
The equation (7.16) is invariant under the action of SL(2), given by
~ ar +b
x =
cr+d
u = 6c(cr+d)+ (cx+d)*u

where ad — bc = 1, which is the third of those listed in Example 2.2.14.
The infinitesimal action in table form is

| T U
a| 2x —2u
b 1 0

c| -2 6+42zu
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Since the action does not leave = invariant, we reparametrise. Thus we
set x = x(s) and u = u(s) with the same group action as above but
adding now § = s. The invariant differential operator is then d/ds.
Taking the normalisation equations,

F=0, d.=1,  @=0

we have in the standard matrix representation of SL(2) that

1, .
d 9 11
2= | . 0, (7.17)
i —3lh

which was calculated in Exercise 6.2.7. We take the companion ODE to
be

I, =0,

a choice which will be vindicated by the calculations which follow; that
is, we obtain a three dimensional set of solutions. The invariantisation
of the reparametrisation of equation (7.16) is then

d2 u u

T [+ (4= 36a)(0 )2 =0

showing that I% is an elliptic function of s. Next, if (o1, 02)7 is the first
column of p, then equation (7.17) implies that

1
u
Ol,ss = 711 01.

6

A linear Schrodinger equation whose potential is an elliptic function is
a Lamé equation (Whittaker and Watson, 1952). So, two independent
solutions of this Lamé equation with Wronskian equal to one yields p.
Using equations (7.8) then yields the solutions of the Chazy equation,
without having solved for I{* or I{; in terms of u(s) and x(s).

Remark 7.4.4 To show equations (7.8) are consistent with the actual
expression for o giwen in Equation (6.5) and calculated in Ezercise 6.2.7,
we note that the frame in matriz form is,

1 T

Vs Vs (7.18)
—g Vs —(zu +6)y/x5

| =
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We then have
1% —
:C(S) _ p—l T = P2,2 Pr2 P12 :L'(S)

—pa1l®+p11 pia
using I¥ =0 and

u(s) = p ' I

6(—p2.1)(—p21I* + p11) + (—paiI® + p11)*T"
6(—p2,1)(p1,1)

u(s)

since both I® = 0 and I* = 0 from the normalisation equations. The

consistency is clear.

To show the necessity of reparametrisation, it is instructive to apply
the moving frame reduction method to the Chazy equation in the original
variables, (x,u(z)). Using the normalisation equations,

=0, w=0 ;=1

the frame in matrix form is,

_(u _’LL_2)1/4 x(u _’LL_2)1/4
e 6 6

% (ug — u2/6)71/4 —(1+2u/6) (uz — u2/6)71/4
The invariant differential operator is
1 d
D= —— - -
u? 1/2 d
(ur = 5) ’

and the generating invariant is

Ugpy — Uy + ud
(g — u2/6)3/2"

Using the Replacement theorem on equation (7.16) yields

(L —
Ill_

14, = 36— 3
and we also have,
DIy = It} — ;(Iﬂ)Q -1
Thus, we obtain the invariantised equation,

3
DI + 5(1;3)2 —36a+4=0
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which superficially has the form of a Ricatti equation in terms of this
particular generating invariant. Unfortunately, the coefficient in the
invariant differential operator renders the equation highly non trivial to
solve.

7.5 Equations with solvable symmetry groups

It is a classical theorem that an ordinary differential equation of order
n with a solvable symmetry group of dimension n, can be integrated by
quadratures. Here we show how moving frames greatly simplifies the
calculations involved.

The classical method involves reducing the ODE by one group param-
eter at a time, and the order of reduction is the same as that used when
computing the frame as a product in §5.6. However, using the moving
frame solution method one parameter at a time is not the route recom-
mended here. A better way is to use the fact that a solvable Lie algebra
has a faithful representation using upper triangular matrices. Then the
curvature matrix will be upper triangular, leading to a triangular system
to solve for p.

We show what happens by integrating Equation (5.22),

1

whose solvable symmetry group was found in Exercise 5.6.4, Chapter 5;
we repeat it here for convenience. The group is G = RT x R, the action
is

T = ax’, y=1vy—2log(ab) —2(b—1)logx

with identity element (b,a) = (1,1), and an upper triangular matrix
representation of this group is given by

(b,a) — ( g 1"%“ ) (7.19)

Using the moving frame reduction method, finding the exact solution of
this nonlinear equation involves three straightforward integration steps.
Since the independent variable is not invariant, we reparametrise to
x = x(s), u = u(s) and set § = s. If we take the normalisation equations
to be z =1, 7 = 0, we have that

a b
K=s (-If If+1I1}).
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Taking the companion equation to be IT = 1, we have from d/ds IT =0
that I{; = —317, and also

d
glleﬂ -2-r
and hence the invariantisation of the reparametrised equation becomes
d

a]f +iIy)?+20f +3=0.

Thus

IY(s) = V2 tan <S°\/§S) —2.

Using the faithful matrix representation of the group given in Equation
(7.19) above, a basis for the Lie algebra needed to calculate Q in the
equation for p is, using Equation (6.3),

O — 1 0 @ = 0 1
b — 0 0 ) a — 0 0 )
and thus using Theorem 6.2.4, the equation for ¢ becomes, with I7 =1,

bs (loga)s \ _ [ 1+31} -1 b loga
0 0 N 0 0 0 1 '

It can be seen that the equations a and b are triangular; we can first
solve for b and then obtain a equation just for a. With the value of I¥
obtained above, we have

b(s) = bo cos (50\/_;) .

The equation for loga then becomes

1 _
(loga), +loga = boﬁ sin (SO\/QS>

which has solution

log a(s) = %0 (cos <S°ﬁ5> — V2sin <S°ﬁs>) + ag exp(—s).

From the group multiplication law and group action formulae given

in Exercise 5.6.4 we have
(bya)™h = ("0 V),
and thus
z(s) = p(s)~" - I* = a(s) /PO (1) /P = exp(~(log a(s)) /b(s))
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and

y(s) = p(s)"1- IV = I — log (b(s)_la(s)_l/b(s)) (b~ —1)log I®
= 2logb(s) 4+ 2(loga(s))/b(s).

That this is a solution of Equation (5.22) above for x positive can be
verified by direct substitution. Solutions for x negative can be obtained
by noting that the equation is invariant under (x,y) — (—z,y). We note
that we appear to have three constants of integration, sg, by and fy, for a
second order equation. The third has been introduced by the freedom in
setting where on your solution curve you take s = 0. However, it should
be noted that in fact there are three values needed to determine the two
initial points (zo,yo) and (zo, y.(xo)), namely xg, yo and y. (o).

7.6 Notes on Symbolic and Numeric Computation

Here we we summarise what is known that would allow the method to
be implemented in a symbolic and numerical computation environment.

(i) The reduced equation is obtained via the Replacement Theorem
5.4.9, which needs only the normalisation equations.

(ii) Given the infinitesimal vector fields, a faithful matrix represen-
tation of the finite dimensional part of the Lie algebra can be
obtained by Ado’s theorem. This has been implemented by (de
Graaf, 2000). However in practice the matrices obtained can be
unwieldy.

(iii) By Theorem 6.2.4 the matrix

A=pop?
can be calculated knowing only the normalisation equations and
the infinitesimal action, in the faithful representation at hand.
(iv) Equations of the form

Os = A(S)Q

with A(s) € g where g is a matrix Lie Algebra can be solved nu-
merically keeping p € G using geometric integrators, in particular
the “Magnus” or ”Lie group integrators”, (Iserles, Munthe-Kaas,
Norsett and Zanna, 2000). There is the possibility to choose
both the normalisation equations, the companion ODE and the
representation to adapt the “shape” of A to ease the integration.
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(v) Applying equations (7.8) requires knowing the group action, not
just the infinitesimals. If you know only the infinitesimal action,
which is how symmetry groups of DEs are given by symbolic
software, then the group action can be obtained by integration of
the system (2.54), see Theorem 2.6.23.

7.7 Using only the infinitesimal vector fields

In this section we give the vector field counterpart to Theorem 6.2.4,
and apply it to the moving frame reduction solution calculation. The
calculation of a faithful matrix representation of the Lie Algebra can
thus be avoided, but the resulting equation for p may be, conceptually
at least, significantly harder to solve.

Theorem 7.7.1 Suppose G x M — M is a smooth left group action,

(a1,...,a.) are local coordinates on G, (z1,...,2,) are local coordinates
on M and
. dg - zi
i i
. Z =
G =252

are the infinitesimals of the action with respect to these coordinates. If
h(s) is a path in G and h(s) - z; = Z;, then

d. _ L4 s
Ezi—%:(TeRh dsh)eg(zzz). (7.20)

If h(s) = p(z(s)) where p is a right moving frame for the action, then
d i~
LG = ; KoeCi(Zi(s)) (7.21)
where K is given in Theorem 5.5.5.
Proof The starting point is Theorem 4.2.37 which we now briefly recall:

given (ay,as, ..., a,) coordinates in some domain in G, and let h(s) € G
be a path in that chart domain, then for each coordinate z; of z € M,

8a1 C{ (h : Z)
: = (TR : (7.22)
99z Ci(h-2)

da,
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Since the argument is the same for each coordinate of z, we drop the
subscript. Setting h(s) - z = Z(s) and h(s) = (a1(s), ..., ar(s)),

d _ , 0
&Z(S) = ;ak(s)c’)—ak(z(s))

- kzla;c(s) (Tr:),, (GEs))
- (T ) k() )

: . d _
_ ;(TeRh(s)gh(S))l@(Z(s))

(7.23)

This proves Equation (7.20). Finally, to obtain Equation (7.21), we set
h(s) = p(z(s)) into Equation (7.20), and use the rightmost formula for
K in Equation (5.13). [

Equation (7.21) is essentially the differential equation for the frame
p, not in the matrix form g5 = Qp, but with p viewed as an element
of a transformation group. While the matrix equation has r = dim(G)
constants of integration, Equation (7.21) yields p(0) to be the identity
map. Thus, it is still necessary to solve the ordinary differential system
giving the general group action.

Applying Theorem 7.7.1 to the coordinates  and u, whose infinitesi-
mals with respect to ay are denoted by & and ¢y respectively, we obtain

%%(s) zg: <TeRP1%p>l&@(s))
= Y Ku&(@ () (7.24)
14
L) = Y- Kt (i(s))
14

For the application we consider in this Chapter, namely the solution
of Lie group invariant ODEs, we know how the matrix K varies as a
function of the invariant independent coordinate s once we have solved
the invariantised ODE system. One then uses Equations (7.24) to obtain
the frame p(z(s),u(s),...), and the ODE system in Theorem 2.6.24
for each group parameter to obtain the general group action. Finally,
one can write down the general solution to the original invariant ODE
system.
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Example 7.7.2 As ever we consider the SL(2) action

~ . au+b
T=ux u=—-"
cu—+d

Since x is invariant, we can take s = x. The infinitesimals are
d)a(zau) = 2u, d)b(xvu) =1, ¢c(zau) = —u’,

Suppose that we know only the infinitesimals and not the group action,
that we don’t know a faithful matriz representation of the Lie Alge-
bra, and we’ve forgotten Schwarz’ Theorem. The generic one parameter
group action is the solution of the ordinary differential equation

U= a(2u) + B+ y(—u?) (7.25)

ad — be = 1.

3

where «, B and vy are arbitrary constants, using Theorem 2.6.2/ for each
independent group parameter. Since we can see that ¢, is the infinites-
immal of a scaling action and ¢y the infinitesimal of a translation, we
can guess that © = 0, uy = 1 are appropriate normalisation equations.
Adding ug, = 0 yields

a b c
K=z (0 -1 3I%;)

which can be obtained using only the infinitesimals and the normalisation
equations. Applying Equation (7.24) we obtain

q a b c 2u a
aﬂ: (0 -1 3Ify) 1 b
~2
—Uu C
or
d ~ 1yu 752
@’u =—-1- 5[111’& . (726)

Suppose we wish to solve the ODE, {u;x} = 2exp(x), which invari-
antises to

1}y, = 2 exp(x). (7.27)

Setting Equation (7.27) into Equation (7.26) with initial condition u(x) =
u and solving, yields an expression u(x) = F(x,u) = p(z) - u in terms
of Bessel functions. Solving this expression for u (which equals p~*(z) -
u(z)) and setting u(x) = I (x) gives the desired solution. Since I'*(x) =
0 we obtain

Yo(2)Jo(2 expl/2)) — Jo(2)Yo (2 exp(z/2))
Vi(2)Jo2exp(2/2)) — 1i(2)Vo(Zexp(e/2))

u =
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This is indeed a solution of {u;x} = 2exp(x) as can be verified directly.

The general solution is (au + b)/(cu + d); obtaining this requires one to
solve for the group action, Equation (7.25) above.
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The Calculus of Variations is a classical subject with major applica-
tions in physics and engineering, and a long history of development. The
variational method converts the problem of finding a curve or surface
that minimises or maximises an integral functional, such as

b
(z,u(z))r—>/ L(z,u, g, ...)dx

in the case of curves in the plane, to the problem of solving a differential
equation, called the Euler Lagrange equation.

For many problems, there is a Lie group invariance to the integral that
arises naturally from the physical model being considered. The aim of
this chapter is to use the calculus of invariants developed in Chapters 5
and 6 to gain insight into the role the symmetry plays in the calculation
and analysis of the solution set of the Euler Lagrange equation.

The introductory part of this Chapter puts in one place everything we
will need for the applications of moving frames that we consider. Recent
accessible texts include (van Brunt, 2004) and (MacCluer, 2005), but
older ones are still “gold”, such as (Courant and Hilbert, 1953).

8.1 Introduction to the Calculus of Variations

In this brief introductory section on the Calculus of Variations we col-
lect together the computational methods and results needed to study
variational problems with symmetry.

In the first set of problems we consider, it is desired to find some curve
(z,u(x)) that minimises or maximises an integral,

b
(x,u(x)) — Llu] = / L(z,u, g, Ugg, ... ) da

on some interval [a,b] C R. The integrand L(z,u,u,,...)dz is called
the Lagrangian. We say L dx is one dimensional since the integral is
with respect to the single coordinate x, and that L dz is of order n if
the highest derivative of u appearing in L is d"u/dz", (but see Exercise
8.1.3).

Remark 8.1.1 [t is important to note that it is the whole integrand,
L dz, not just the function L, which gives the variational problem [ L dx.
Considering only the function can lead to serious errors in both compu-
tation and in theory.
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Blanket assumption. We will assume our Lagrangians to be smooth
functions of a finite number of arguments, and that the functional ana-
lytic properties of the curves on which we evaluate L[u] are sufficient to
ensure the calculations that follow are valid; in particular, that we may
interchange integration and differentiation, and that the extremal curves
we seek have a sufficient number of smooth derivatives. An accessible
text which considers the most important functional analytic niceties in
the context of applications is (MacCluer, 2005).

If we suppose that the particular curve (z,u(x)) extremises L]u], then
for a variation u(z) — u(x) + ev(z) we will have

0 = S €:Oﬁ[u—i— ev)
d b
= — / L(z,u+ v, uy + €y, Uy + EVggy ... ) da
de e=0 Jq
— /b a_L + a_L + a_L + d
= | (% v L Vg Du Vpw + - .. T

C (g o
S Ou dxOuy dx? Oug, v
+i oL n oL - i oL n q
dSC 8uz v 8um Vw dSC auzz ! o ’
oL b
= E(L)vd
[ Ewpds s | o }
(8.1)

where we have assumed that we may interchange integration and differ-
entiation, and then used integration by parts. The last line defines the
Euler Lagrange operator E(L) for one dimensional Lagrangians, namely

d* oL dk
_ k _
E(L)= E (-1) 3F uy’ wy, = dxku' (8.2)
k

Since Equation (8.1) holds for any variation v, we may take a vari-
ation that satisfies v(a) = v(b) = v,(a) = --- = 0 and obtain that
f; E(L)vdxz = 0 for all variations with support interior to the domain
[a, b]. Tt is then a result, called the Fundamental Lemma of the Calculus
of Variations, that E(L) is identically zero for all € (a,b). In other
words, a necessary condition for a curve to extremise L[u] is the differ-
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ential equation F(L) = 0. Curves satisfying F(L) = 0 are said to be
extremal curves for the variational problem [ L dx.

The calculation of the Euler Lagrange equation is thus in two parts:

e The calculation of

de

Lu + ev],
e=0

and
e integration by parts.

The boundary or endpoint terms in (8.1) that accumulate as we per-
form the integration by parts play a vital role when considering problems
without specific boundary conditions; if boundary conditions for the ex-
tremal curves are not specified by the application, then the so-called
natural boundary conditions will apply. For example, if u(a) is unspeci-
fied then v(a) is free, and so the coefficient of v(a) in the endpoint terms
must be zero on an extremal; in the case of a first order Lagrangian,
this is OL/0uy|s—aq = 0, which is a condition on v and its derivatives at
T =a.

The endpoint terms will also play a vital role in deriving Noether’s
Theorem in both the classical and invariantised cases, see §8.2.

In general, Euler Lagrange equations are seriously nonlinear and it is
important to be able to investigate the solution set graphically, see for
example Exercise 8.1.2.

Exercise 8.1.2 Show the Fuler Lagrange equation for
10
Llu] = / uu? + sin(z)u? do
0

18 ui — 2usinz + 2uu,, = 0. Show there exists a solution satisfying
u(0) = 1, u(10) = 4. Hint: plot the solutions satisfying u(0) = 1 but
with varying u.(0), and use a “shooting argument”, that is apply the
Intermediate Value Theorem to the function y — u[y](lo) where ul¥! is a
solution satisfying u[zy] (0) = y. Is there more than one solution satisfying
these boundary conditions?

Exercise 8.1.3 Show that if a Lagrangian L dx satisfies

d 0 0 0
Lzt Uy Ugy) = aW(z,u,um) = %WqLuI%WJrumWW,

then E(L) is identically zero. Generalise the result to arbitrary order
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Lagrangians. Explain. Hint: can the integral f Ldx change with vari-
ations to u inside the domain? Hence show that if two Lagrangians Lq
and Lo differ by a total derivative, then their Euler Lagrange equations
will be equal. In this case we say L1 and Lo are equivalent; show this
1s indeed an equivalence relation. Formulate a definition of the order of
a Lagrangian that is well-defined on equivalence classes.

Exercises 8.1.4 and 8.1.7 give simple examples of how Euler Lagrange
equations behave under changes of variable. The general result can be
seen in (van Brunt, 2004, §2.5) or (Olver, 1993 , Theorem 4.8)

Exercise 8.1.4
(i) If L = L(f(u), f'(u)uy), show that
EI(L) = BY(L)f'(u),
where Ef™) (L) means the Euler Lagrange equation obtained by

varying f(u).
(i1) If L = L(ug, uyzy) and w = u,, so that L = L(w,w,), show that
d

E*(L) = ——E"(L).

More generallyt, show that if w = A(u) where A is a linear dif-
ferential operator, then

EY(L) = A"E*(L),
where A™ is the adjoint of A; see Definition 8.3.2.

If the Lagrangian depends on more than one dependent variable, then
an Euler Lagrange system is obtained, one equation for each dependent
variable.

Exercise 8.1.5 Generalise the above calculation in Equation (8.1) to
obtain the Euler Lagrange system for a Lagrangian depending on more
than one dependent variable, say u®, o =1,...,q so that

Ldx = L(z,u®,uy,...)dz,
namely,

o d* oL o d* o
D) (L):Z(*l)k@@, uk:@u, a=1,...,q. (8.3)
k

1 This generalisation was pointed out to me by Peter Hydon.



228 Variational Problems with Symmetry

Hint: calculate

d
dele=0 L €v’]
and note the v are independent variations.

Multi variable variational problems arise in the study of mechanical
systems. Exercise (8.1.6) is the classic example.

Exercise 8.1.6 Fven after all these years, still the best illustrative multi
variable example is the two body problem with Newtonian gravity, also
known as Kepler’s problem. If the earth is at (x°(t),y°(t), 2°(t)) and the
sun is at (x°(t),y°(t), 2°(t)), then setting x = z¢ — 2°, y = y° —y° and
z = 2%— 2%, the Lagrangian is L dt where

k
(22 4 42 + 22)1/2°

L= b 4ot +od) -

where k is a constant. Show that
kx
(2% + 42 + 22)3/2°
and similarly for EY(L) and E*(L). First integrals of this system will
be constructed in Exercise 8.2.7.

EZ(L) = — T +

The point of the next Exercise, 8.1.7, is to show that information is
neither lost nor gained by reparametrisation of the Lagrangian.

Exercise 8.1.7 Consider a Lagrangian L(z,u,uy,uy,)dz and change
the parametrisation of the sought curve from (z,u(x)) to (t,z(t),u(t));
noting that dv = x; dt and

we obtain

~ 1 -
E[u]:/dezﬁ[x,u]:/L(m,u,ﬂ,—iﬂ) xtdt:/[,dt’
Tt Tt dtl't

where the last equality defines L. Show that

where L is considered as having two dependent variables x and u both
depending on t. Show further that

E*O(L) = 2, E“) (L)
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where the differential operators used to calculate E*®) gre powers of
d/dt, and the differential operators used to calculate E¥®) gre powers
of d/dx. Note: Equation (8.4) is a simple example of Noether’s second
theorem: for Lagrangians invariant under an infinite dimensional group,
in this case, t = 7(t) for an arbitrary smooth function T, the FEuler
Lagrange equations satisfy a differential identity.

Next, we need to consider variational problems with constraints. The
main results are as follows. If you seek a curve that minimises L[u] =
J L dx amongst those curves that satisfy also [ G(z,u,us,...)dz = A
where A is a constant, then a necessary condition on the minimising
curve (z,u(x)) is that u(x) satisfies the system

E"(AL — AG) =0, /de A (8.5)

where A\g € {0,1}, the constant A is called the Lagrange multiplier, and
Ao and A are not both zero. Problems where \g = 0 are called abnormal;
they occur when the extremising curves also extremise [Gdz. Such
extremal curves are called rigid extremals, see (van Brunt, 2004, §4.2).

The new parameter A\, which is free in the differential equation, is
evaluated by calculating the integral constraint.

Exercise 8.1.8 Find the extremal of

L[u] :/ u?, dx
0

subject to u(0) = Uz, (0) = 0, u(7m) = Uyg(m) =0 and

/ wlde = 1.
0

Hint: write the equations for the constants of integration in matrix form,
and consider the determinant of the matriz.

If the constraint is not an integral constraint, but must hold at each
point of the curve, so that G(x,u, u,,...) =0 for all z, then the result
is as follows: the necessary condition on the curve is that it satisfies the
system

E*(MNL — Az)G) =0, G=0 (8.6)
where Ao € {0,1}, the function \(x) is now a function also called the

Lagrange multiplier, and Ag and A are not both identically zero. See (van
Brunt, 2004, §6.2) for a discussion of the abnormal case where Ao = 0.
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Remark 8.1.9 The function A may, in principle, be eliminated from the
system (8.6) using standard techniques from differential algebra to pro-
duce the differential equation for u, but this will produce Euler Lagrange
equations that are too high order. Any constants of integration that can
be absorbed into the Lagrange multiplier A(z) should be discarded as
artefacts. This is because the curve not only satisfies G = 0 but also
cG =0 for any constant ¢, and so forth.

The next exercise shows the need to absorb constants of integration for
A to obtain the correct Euler Lagrange equations.

Exercise 8.1.10 Suppose a second order Lagrangian L(x, u, Uy, Uz, ) dx
is given, and that we wish to reparametrise the problem to (s, z(s),u(s))
where s is the Euclidean arc length, that is, where :C?—l—u? =1, see Figure
8.1. Show that the Euler Lagrange equation E*) (L) = 0 for Ldx is
equivalent to the equation obtained by eliminating \(s) from the system

E*C)N(L)=0, E*"9(@L)=0, wl+a>=1,
where
Lds = [L(z,u, us /s, tss/T2)Ts — A(8)(22 + ul — 1)] ds.

The Lagrangian Lds is obtained by inserting into Ldx, not only dx =
xsds but both u, = us/xs and

1 d\?
Ugy = | —— | u
e T ds
and then simplifying with respect to the constraint z? + uf =1, and its

differential consequence rsxss + Ustss = 0.
Hint: calculating 0 = x,E*®) (L) + u B4 (L) yields

d [/ d (D) Uss
=+ — (= Dy(L ,
0 +ds<“ds< >+3 4”wz>

where Dy(L) is the derivative of L with respect to its fourth argument.
The constant of integration can be absorbed into A. Putting A into
EI(S)(Z) = 0 yields —u,E*") (L) = 0 after simplifying with respect to
u? + 22 =1 and its differential consequences.
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A

As
Au

Fig. 8.1. If s is Euclidean arc length, xi + ui =1.

8.1.1 Results and non results for Lagrangians involving
curvature
There are an amazing number of fallacious arguments and results ap-
pearing in the literature, including textbooks published by reputable
mathematical publishers, concerning Lagrangians involving Euclidean
curvature and Euclidean arc length. Since we will be considering these
Lagrangians in some depth, we take a moment to sort out the false from
the true.
We recall that the Euclidean curvature of a curve (z,u(x)) is

K = UCECE
(14 u2)3/2
and in terms of a parametrised curve (x(t), u(t)) it is

Ut Tt — LUt

EREE e

(8.7)

Lagrangians involving curvature typically set the curve parameter to be
s which is arc length; this is the parameter for which
22 +u? =1, (8.8)
see Figure 8.1. In this case, we have
K= UssTs — Tosls = Ugs/Ts = —Tys/Us
since usugs + rsrss = 0. Most importantly, we have

ds =+/1+u2dx (8.9)

and equivalently,
d 1 d

ds wl—t—ﬁﬂ

(8.10)
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The most famous Lagrangian involving curvature is

L[u] :/ﬁds:/%dx. (8.11)

Since the Lagrangian involves u4, and is not a total derivative, the Euler
Lagrange equation will be of order 4 in u (see Exercise 8.1.3), and hence
will involve kgs; in particular, it is not k = 0. Even though straight
lines, that is, curves which satisfy x = 0, are indeed solutions, they are
not the only ones.

Theorem 8.1.11 (Euler) The Euler Lagrange equation for the varia-
tional problem given in Equation (8.11) is

Kss + 2r% = 0. (8.12)

Remark 8.1.12 Solutions of Equation (8.12) are called Euler’s elastica.
Recent applications are to the inpainting problem (Chan et al, 2002),
draping of fabric (Cerda et al, 2004), hot air balloon design, and to
nonlinear splines in numerical analysis (Hoschek and Lasser, 1993).

To see the fallacy in various results appearing in the literature that we
discuss below, it is vitally important to be convinced of Theorem 8.1.11.

Exercise 8.1.13 Prove Theorem 8.1.11.

Method 1: The result can be proved by direct calculation using the right
hand form of the Lagrangian in Equation (8.11), with the standard Euler
Lagrange operator, that is (8.2) with x as the independent variable, and
then recasting the result in terms of k and d/ds by back substituting for
Ugzra, Uzge ONA Ugy i terms of Kss, Ks, K, Uz and u (these last two
factor out at the end). The calculation is lengthy but can be achieved
using computer algebra software.

Method 2: Another method is to include the constraint (8.8), and to
consider the Lagrangian

L= [f(r) = A(s)(@? +u? —1)] ds,

where f(k) = f(uss/xs) = k2. Calculating 0 = x,E*(L) + usE*(L)
yields 0 = 2\ + f(k) + usd/ds (fx/xs) where the constant of integration
has been absorbed into \. Setting this into E*(L) = 0 or E*(L) = 0 and
using both k = uss/xs = —ss/us will, with effort, yield the result.

Method 3: Prove Equation (8.18) and confirm the details of the discus-

sion following.
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Exercise 8.1.14 Show that the Fuler Lagrange equation with respect to
the dependent variable u for

Lu] = /(a + Br?)ds (8.13)
where o and (3 are constants, is
fiss + 3h% — g5k = 0. (8.14)

The fallacious arguments involve the following line of reasoning. Con-
sider = arctan(u, ), depicted in Figure 8.2. Then if s is the Euclidean
arc length,

d

Uz
0

1
ds’ Tt wzl+ul

slope is ug

Fig. 8.2. The angle § = arctan(us) satisfies 6s = k, the Euclidean curvature
of the curve, if s is Euclidean arc length.

Since [ k2 ds = J 62 ds, and the Euler Lagrange equation of the second

“is easily seen to be 655 = 07, the extremal curves for / x? ds are claimed

to be kK = 65 = ¢ where ¢ is a constant. Thus, circles are taken to be the
extremal curves for this problem. However, it can be seen that k = ¢
is not a solution of the actual Euler Lagrange equation, (8.12), unless
¢ = 0. Further, 055 = 0 is only third order, not fourth, in w. Similarly,
“spirals of Cornu”, satisfying x = as + (3, with « and 8 both constant,
are incorrectly derived as extremals of the variational problem,

/(93 — \0)ds (8.15)

for a “beam that minimises bending energy, / x?ds, subject to having
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fixed amount of total angular change”, so that A is the constant Lagrange
multiplier for the integral constraint, [ #ds = k for some constant k.

In fact, the Euler Lagrange equation for (8.15) with respect to w is
Kss + 2k% — Asin(f)k = 0,

after noting that ¢ = arctanwu, implies sin(d) = uz/v/1+u2. It is
readily seen that k = 0; = as + [ is not a solution of the actual Euler
Lagrange equation unless a = 3 = 0.

Since the method of substituting x = 65 and using s as a standard
independent variable gives the wrong answer, there must be a fallacy
and the question is, where? A first look at the derivation reveals one
problem, that it is 6, not u, that is being varied. However, 6 is a function
of u;, so varying with respect to € and varying with respect to u should
be equivalent in some sense, see Exercise 8.1.4. This accounts for the
order of the purported Euler Lagrange equation being too low. However
the real place where the above arguments fail is that the constraint
22 +u? = 1 on the parameter s has been ignored. The constraint shows
in Equations (8.9) and (8.10), where one can see that there are “hidden”
occurrences of u, in the Lagrangian 62 ds which will add extra terms to
an Euler Lagrange equation. Incidentally, the constraint itself shows
that = s cannot hold without u being identically zero; there is no
way to “pretend” that s and x are in some way equivalent. Further,
Equation (8.10) means one cannot pretend that s is equivalent to a free
parameter ¢, for which d/d¢ is independent of w.

8.2 Group actions on Lagrangians and Noether’s First
Theorem

One of the most spectacularly useful and deep results of the Calculus
of Variations is Noether’s Theorem. In fact, there are two theorems,
one for finite dimensional Lie group actions which lead to conservation
laws, and one for infinite dimensional pseudogroup actions, which lead
to syzygies or differential relations, on the system of Euler Lagrange
equations. Noether proved the results in their general form (Noether,
1918); modern proofs with complete formulae and a full discussion are
given in (Olver, 1993; §4.4, also Theorems 5.58 and 5.66).

The simplest version of the finite dimensional result is that if a La-
grangian in one independent variable is invariant under a one parameter
group action, then the Euler Lagrange system will have a first integral
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which can be written down from knowledge of the infinitesimal group
action alone.

Definition 8.2.1 If g - (z,u®) = (Z,u®) is a Lie group action, then for
b
the variational problem Llu®] = / L(z,u®,us,...)dz, we define

b ~
g-Llu®] = Lu®] = / L(F, u®, u®, ud, dz dx

)

where 1;;‘/( is the standard prolonged action on u% and
0 o 0 o O
18 the total derivative operator.

It can be seen that the transformation of Lagrangians involves not only
that of the function L but also that of dz; this is the reason why La-
grangians are not functions but integrands. If a Lagrangian is invariant
under a one parameter group action with infinitesimals,

d ~ d -~ « d o o
a 6:01'_6, a e:Ou _¢ ’ a e:OuK_¢[K]
then
d — dzr
= = LG um,. )=
0 dﬁ =0 (:C7u 7ux7 >d:1;
dg
- T == T L
§+Z ¢+8ua¢[z dz

A standard argument, strongly reminiscent of the calculation of E(L)
but keeping track of the boundary terms performed earlier, (8.1), and
using the recurrence relations derived in Exercise 2.6.17 for the infinites-
imals, proves the following results.

Theorem 8.2.2 (Noether, simplest case) If the order one Lagrangian
L(z,u®, ul)dx is invariant under the induced one parameter group ac-
tion on (x,u®) with infinitesimals

U st L @ =¢@u), a=1....9

dele=0 dele=0
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where € is the group parameter, then
0= Bo(L)(0" — ) + - (Le+ 3 PX g —usg)) . (8.16)
e v dx — Jug SN
Hence a first integral of the Euler Lagrange system {E®(L) = 0} is
OL
L 2 (¢ —uoE) =k
s+§ s (@~ u2E)

where k is a constant.

Noether’s Theorem for higher order Lagrangians in the one dimen-
sional case is given in Exercise 8.2.8. Since these are identities for all
curves (x,u(x)), if u is a solution of E(L) = 0, the expression inside
the total derivative must be constant on that solution, and hence is a
first integral of E(L) = 0. The power of even these simplest cases of
Noether’s Theorem can now be appreciated; knowing only the infinites-
imals, the first integral can be computed symbolically with no effort at
integration at all.

Exercise 8.2.3 Consider the group action
T = exp(e)x + k, u = exp(2¢)u

where € and k are the group parameters. Show the general form of a
Lagrangian invariant under this action is

1
L (U, Do, D?0, .. ) ﬁ dz.
where
Uy d
= D= —.
7 Vau’ \/de

By applying Noether’s Theorem for each independent parameter, find
two first integrals of E(L) = 0 where

2
Uy

u3/?

Ldx = dz.

Hence show that solutions of E(L) = 0 are of the form u(x) = (ax+ 3)*
where a and 3 are constants, without using any integration. Show that
the group action induces an action on the solution curves, that is, induces
an action on the constants of integration.
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Exercise 8.2.4 Show that

_ - exp(e)u
sinh(€e)u + exp(—e)

is a one parameter group action. Find the induced action on u,. Show
that uy /(u(u—2)) is an invariant, and thus write down the general form
of a Lagrangian which is invariant under the action.

Exercise 8.2.5 Show that if a Lagrangian is of first order and satisfies
OL/0xz =0, so that Ldx = L(u,uz)dx, then an integral of E(L) = 0 is

oL
L—u,— = k.
b Ouy

Apply the result to \/1+u2dx. What is the result for a second or-
der Lagrangian satisfying the same condition? Hint: the Lagrangian is
invariant under the action T = x + €, u = u.

Exercise 8.2.6 The Brachistochrone is a curve which is extremal for
the variational problem

Cfu] :/(#)W da.

Show that the curve satisfies
u(l+u2) =k
where k is a constant. Using the substitution u, = tan(x), show that
v = —h(hsin(2y)+¢)+e
u = 2k(1+ cos(2v)),

where ¢ is a constant, and hence sketch the Brachistochrone as a curve
in the (x,u) plane parametrised by .

Exercise 8.2.7 Consider the two body (Kepler’s) problem in Exercise
8.1.6. Show that the Lagrangian is invariant under four different one
parameter actions, namely, translation in t, and rotations about the x
axis, the y axis and the z axis. Applying Noether’s Theorem to each of
the one parameter actions in turn, show that the Fuler Lagrange system
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has four first integrals,

k
L1022 2
& = sty +z)+ (@2 + g2 + 22)1/2
Vg = 2Yt — Yzt
Vy = Tzt — 2Tt
Ve = YT — XYt

where € and the v; are constants. The first comes from translation
in time and is conservation of energy. The next three come from the
rotation actions and comprise conservation of angular momentum. Show
that an extremal curve t — (x(t),y(t), z(t)) lies on a plane through the
origin normal to (Vy, vy, ;). Show that the group action sends solutions
of the Fuler Lagrange system to solutions, and induces an action on the
constant € and on the vector (vy,vy,v;) (in fact € is invariant). By
rotating the coordinates, we can assume the solution lies on the plane
z = 0, that is, (Va,vy,v.) = (0,0,v). Write the reduced system of
equations, that is with z = 0, in terms of p = x*+y* and 0 = arctan(y/x)
and the constants k, £ and v. Hint: calculate pyy and use conservation
of energy to simplify. Note: the fact we obtain an autonomous ODE
for the rotation invariant p means that the “reduced” FEuler Lagrange
system still retains two symmetries; one rotational symmetry as well
as translation in time. The other two rotational symmetries have been
“normalised” by selecting the plane containing the solution.

Exercise 8.2.8 Noether’s theorem, higher order Lagrangians. Suppose
that the one dimensional but arbitrary order Lagrangian

L(z,u, g, Uy, ... ) da

is invariant under a one parameter group action induced by € - (z,u) =
(T, w) with infinitesimals

d _ d -
& 6201' - f(SC,U), a E:Ou - (b(zau)
Show that
m—1
d d¥ oL dm=1-kQ
=QFL)+— (L k[ —
0=QB( )+dz< &+ (=1) (dxkaum) (dxmlk)
m=1 k=0
where Q = ¢ — u & and
dm

- dzmu
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Hence deduce the first integral of E(L) = 0 given by the symmetry. By
considering the group action to be translation in x, with infinitesimals
¢»=0and & =1, show that uz E*(L) is a total derivative when OL/0x =

0, specifically,

m—1
d d* oL
LE(L)=—|L-— DR [ — == ) ups | - 8.17
)= (£ X S0 (g o) 0
Exercise 8.2.9 Use Exercise (8.2.8) to extend the result of Theorem
8.2.2 to nth order Lagrangians with more than one dependent variable.

8.2.1 Mowving frames and Noether’s Theorem, the appetizer

In this section, we explore Noether’s Theorem for the most famous La-
grangian involving Euclidean curvature and Euclidean arc length. We
find, amazingly, that the formulae for Noether’s first integrals calculate
a frame.

Using the right hand form of the Lagrangian in Equation (8.11), the
three first integrals of Equation (8.12), obtained by evaluating the in-
tegral obtained in Exercise 8.2.8 for the one parameter group actions
corresponding to each independent group parameter in turn, can be
written in the form

1 Uy
— 0
2 2
et \/lqu uz \/11+ uz 2
= ad 0 —2Kq 8.18
@ Vituz o 1442 " (8.18)
€3 TUp — U Uy + X 1 2K

Vituz o 1+
where the ¢; are the constants of integration. The first component comes
from translation in z, the second from translation in w and the third,
rotation in the (z,u) plane about the origin.

Let us denote by B = B(z,u(x)) the 3 x 3 matrix appearing in Equa-
tion (8.18). Remarkably, B is is equivariant with respect to the Eu-
clidean action. Further, using the invariant differential operator, d/ds,
the matrix B~ !B, is invariant, indeed, we have

0 —x O
B™'Bi=| & 0 0 |. (8.19)
0 1 0

Differentiating Equation (8.18) with respect to s and using (8.19) to
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simplify, yields another proof of Theorem 8.1.11, that is, extremal curves

for (8.11) satisfy Equation (8.12).

Exercise 8.2.10 Show that the 3 X 3 matriz, denoted as B(xz,u), ap-
pearing in Equation (8.18) is equivariant with respect to the standard
action of SO(2) x R? on curves on the plane. Indeed, show that

B(zcosf — usinb + a,zsinf + ucos + b)

cos —sinf 0
= sin ¢ cos 0 0 | B(z,u)
asinf —bcos bsinf +acosh 1

= R(9,a,b)B(z,u),

where the last equation defines R(60,a,b). Show that (0, a,b) — R(0,a,b)
is a matriz representation of SO(2) x R2. Compare it to the Adjoint
representation obtained in Fxercise 4.53.9. Show that if p is the frame for
the standard action of SO(2) x R? on curves in the plane, determined by
the normalisation equations T = U = u, = 0, then B = R(p)~*. Since
in this case the Ad representation is faithful, the group action can be
used to simplify the integration problem.

There are several important consequences of the equivariance of the
matrix B. The first is that an explicit induced group action on the first
integrals is obtained. This result was known in infinitesimal form, see
for example (Olver, 1993, page 341). The second important remark is
that B is, by definition, a frame for the Euclidean action on curves in
the plane, since it is an equivariant map from the space on which the
group acts to (a matrix representation of) the group. Thus the formula
giving the first integrals via Noether’s Theorem has calculated a frame
without any input of moving frame theory. Indeed, the invariants in
Equation (8.18) are historical while the formulae for the first integrals
are in the original coordinates; they are blind to any knowledge of the
invariants.

If we regard x as known once we have solved the invariantised Euler
Lagrange equation, the three components of Equation (8.18) can be
viewed as three equations for three unknowns, z, u and wu,. In this
particular case, it is possible to solve for u in terms of x, the ¢; and &
without further integration, see Exercise (8.2.11).

Exercise 8.2.11 Consider the three components of Equation (8.18) as
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three equations for x, u and u, in terms of the ¢; and k. Show that
2+ 2 = k' 4R

Relate this equation to a first integral of the Euler Lagrange equation,
Fss + 3K°
of initial data chosen for the Euler Lagrange equation. Show further

= 0, and deduce there is an equation for the c¢; in terms

that u can be obtained without integration by finding an algebraic con-
sequence of the three equations that does mot contain u,. Hint: setting
B =1/y/1+u2, calculate a Grébner basis of the three equations together
with B*(1+u2)—1 =0, in an elimination ordering {c;, k, ks} < {x,u} <
{uy, B}, that is, a term ordering which eliminates u,;.

Equation (8.18) and the results of Exercise 8.2.10 are not flukes, but
rather an example of a general result, see Theorem 8.4.1.

8.3 Calculating invariantised Euler Lagrange equations
directly

In the following, we find the Euler Lagrange equation of an invariant La-
grangian such as (8.11) directly in terms of the invariants. This problem
was considered by Kogan and Olver (2001) using a variational tricom-
plex. Here we show how the result can be achieved using the invariant
calculus developed in Chapters 5 and 6. We use computations that are
the direct analogues of those in the standard case and which explicitly
include constraints such as the parameter being arc length. While there
will be a computational advantage in high order cases to use the invari-
ant calculus, the main advantage is in understanding the form the Euler
Lagrange equation takes; the syzygies between the invariants plays a
significant role, as we shall see.

We saw earlier that given Lu] = / L dz, the two steps that calculate
E(L) =0 are

(i) calculate
d

o Lu+ ev]

e=0

(ii) integrate by parts.

In the simplest case of unconstrained invariant independent variables,
there are three steps to calculate F(L) = 0 directly in terms of the
invariants:
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(i) calculate an invariantised analogue of

d

e €:Oﬁ[u + ev)
(ii) apply a syzygy
(iii) integrate by parts.

If the independent variables are constrained, for example the curve pa-
rameter is Euclidean arc length, or are not invariant, there are an addi-
tional two preprocessing steps,

(i) reparametrise so that the independent variables are both invari-
ant and unconstrained, this means that the former independent
variables are now dependent variables,

(ii) include any constraints into the Lagrangian with a Lagrange mul-
tiplier. It is also possible to include companion equations, which
effectively fix the parametrisation, as constraints; chosen with
care, these can dramatically simplify the calculations.

The companion equations need to be compatible in the sense that the
system comprising the resulting Euler-Lagrange system and the compan-
ion equations have the same solution set as the original Euler Lagrange
system. Just as when we used this technique in Chapter 7, companion
equations can be used symbolically and need never be actually solved,
nor do they need to be realised in the original variables; only their in-
variantised forms are needed.

Remark 8.3.1 Although the computations that follow can be adapted
to non commuting invariant operators, reparametrisation ensures the
resulting Fuler Lagrange equations are differential equations employing
standard derivative operators.

In what follows, we will need to use the adjoint of the differential oper-
ators defining the syzygies.

Definition 8.3.2 If A is the differential operator

HIK]
K

where Ak are functions of the independent variables and K is the (multi)index
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of differentiation, we define the adjoint of A, denoted by A*, to be

|K|
A(F) = YOI (A ).

K

The adjoint operator satisfies

[ 140 = [aa+ B

where “ B.T.’s” stands for boundary terms.

Exercise 8.3.3 Let Plu] = P(z,u,u,,...) and define Dp to be the
operator such that

Dp(Q) = 4

% Plu + €Q).

e=0

Show that E(P) = Dp(1).

8.3.1 The case of invariant, unconstrained independent
variables

To begin with, assume we have a single invariant, unconstrained inde-
pendent variable x and a single dependent variable, .
To obtain the invariantised analogue of

Lu + ev],
e=0

de
we introduce 7, a dummy invariant independent variable, and take a
clue from the observation that

= £lul,

Ur =0

Llu+ ev] = %

e=0
Since both 7 = 7, and o = x, by construction and hypothesis, we have

0 0

2)7 = 7 2)z = A
or Ox

g 0

, and —, — | =0. 8.20

[87 8:6] (8:20)

We take the moving frame with respect to the x derivatives of the

dependent variable only, and assume the frame is chosen so that there

are only two generating invariants, one “in the 7 direction”, Iy = t(u,)
and one in the x direction (this requirement will be relaxed later),

o= (uk)
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where K is an index of differentiation in the independent variable x only.
The syzygy between o and I can be written as

D,o =HI, (8.21)

where H is an operator with coefficients that are functions of o and its
derivatives with respect to x.

The outline of the process of finding the Euler-Lagrange equations
directly in terms of the invariants is as follows. Since 7 is an introduced
dummy variable, the invariant Lagrangian will be a function of ¢ and
its derivatives with respect to . Hence we have

9 L(z,0,D,0,D%0,...)dx
o7 oL OL
- [ (&4 D, - )Dyod
/ do * 0D,o * o
OL OL OL
— —Dy——— +D? < ) HIydz + B.T
Oo aDma+ I@DJ%UJF )H 2dr ®

oL oL oL
= | = —-D, D? e Id B.T’
/H (aa 8Dmo+ waDgoJ“ ) 247 + more °

= /H*E"(L)I2 dz + the B.T’s

where “B.T’s” stands for boundary terms and E° (L) is the Euler La-
grange operator applied to L treated as a function of o and its = deriva-
tives. To do the calculation, we have used Equation (8.20) in the first
line, performed a first set of integration by parts and then used Equa-
tion (8.21) in the second, and finally a second integration by parts in
the third line, so that H™* is the standard adjoint of the operator H. We
now note that I has the factor u, (this follows from the Replacement
Theorem) which is the independent variation in the dependent variable.
It follows from the Fundamental Lemma of the Calculus of Variations
that the coefficient of I3 must be zero,

oL oL 5 OL
ol ) = 29
H (80 Da 0D,o + D 0D2o + ) 0 (8.22)

and thus this is the sought for invariantised Euler Lagrange equation.
We have thus proved the following theorem.

Theorem 8.3.4 If L[u] = /L(U7 Oz, ... )dx is a variational problem for

planar curves (x,u(x)) where o is the generating invariant of a group
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action on curves such that * = x, then the Euler Lagrange equation is
H*E° (L) = 0. (8.23)

where H is the operator in the syzygy (8.21).

Example 8.3.5 For our first set of examples, we take our old friend the
SL(2) action,

~ ~ b
T =u, u:%, ad —bc=1
cu+d
with the normalisation equations
u= 07 ’ZZ; = 1; a;; = 0.

The generating invariant is 11, which we know is the Schwarzian deriva-
tive, {u;x} and thus we set

2
Uszz 3 Uy

Uy 2 uZ’
As in the derivation above, we introduce the dummy independent variable
T, to obtain a new invariant Is = t(u;) = u; /u,, with the syzygy,
D.o = HIy = (D2 + 20D, + 0,) L. (8.24)
The adjoint of H 1is
H* = -D3 — 20D, — 0, = —H.

Following the calculation above for L(o,0y,...)dx the Euler Lagrange
equation is H*E° (L) = 0. Thus, for example, for Ldx = o*dx, we
obtain the Fuler Lagrange equation

0=H"(0) = —Opaa — 200, — 020 = —Oppx — 300,

which can also be wverified directly. Note that since o is a third order
invariant, we expect the Fuler Lagrange equation to be of order 6, that
18, in terms of Ogpur, and this we obtain. Further, we see that the terms
in the Euler Lagrange equation that are additional to E° (L) come from
the syzygy (8.24), as promised earlier.

Exercise 8.3.6 Find the Euler Lagrange equations for the Lagrangians
odux, ai dz and xo®dz. Comment on the order of the Euler Lagrange
equation for odx. Hint: see Exercise 8.1.3.



246 Variational Problems with Symmetry

It is not hard to see how to generalise the calculation to more than one
dependent variable. The new twist is that the syzygy (8.24) becomes a
matrix equation. Since 7 is a dummy variable used to effect the variation,
the frame is obtained with respect to the x derivatives of the dependent
variables only. Thus, if the generating z-derivative invariant of u® is
denoted o, and ((u?) = I, for a = 1,...,q, then the syzygy between
the o, and the I$' can be written as

o1 Hir Hiz -+ Hig I
D. : = ; : ST : . (8.25)
Tq He He2 -+ Hyq I3

Example 8.3.7 Suppose we take the product SL(2) action on sets of
pairs of curves in the plane, (z,r(x), s(z)),

~ _ ar+b _ as+b
I=ux T = 3=

- - d—bc=1
cr+d’ cs+d’ “ ¢

)

with the normalisation equations, ¥ = 0, 7, = 1, § = 1, so that the
generators with respect to the x derivatives are

X = t(rzz), n=1u(sz)

Set I§ = u(r;) and IS = u(s;). Then the syzygies can be put in the form

DT(X) _ (D§+2n+xz+(2+x)pz 9 )(Ig)

n nDy + 21+ nx Dy —x—2 I3

where D, = 0/0x. Following the line of calculation above, we obtain for
the Lagrangian, Ldx = L(x, X, 7, Xa» Nz, - - - ) da,

g/de = /EX(L)DTx—i—E"(L)DTndx—f— B.T.’s
-

= 12240+ 2402 B
+ (7D + 20+ nx) " E"(L)] I3
4 [<2EX(L) + (Dy — x — 2)*E"(L)| S dz + B.T.’s

so that the Euler Lagrange system is, in matrix form,

0— D2+2n— (24 X)Ds —nDy —nu + 20+ 1X EX(L)
- -2 D, —x —2 E ’
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To generalise the calculation of the invariantised Euler Lagrange sys-
tem to the general case of p invariant, unconstrained independent vari-
ables and ¢ dependent variables, one uses the syzygies between all the
generating invariants o; = ((ug’ ) for i = 1,..., N and the t(u?), a =
1,...,q, as above, but now the new twist is that there are additional
generating syzygies between the ;. These need to be included as con-
straints, each with its own Lagrange multiplier function, in the La-
grangian: this last generalisation includes the case of more than one
generating invariant per dependent variable. We leave this straightfor-
ward generalisation to the reader to explore.

8.3.2 The case of non invariant independent variables

We next consider the case of non invariant independent variables. Sup-

pose we have x = (z1,...,%p), and &; # x; for at least one i. In-
troduce ¢ = (t1,...,t,) and reparametrise the surface described by
(21, 2p,ut(x),...,ul(x)) to be given instead by

(t1yeeostpy (), o ap(t),ul (), ... ul(t)).

Actually, only as many new parameters are needed as there are non in-
variant ;. We assume that t~z =t; for all 7 in order to obtain invariant
independent variables. The main benefit is that the resulting differen-
tial equations will have derivative operators in the 9/90t; and thus can
be treated by standard methods. Thus the original independent vari-
ables become dependent variables. The twist is that we may introduce
“companion equations” for the x;; these may be thought of as fixing
the parametrisation in some sense. They are chosen to simplify the
calculations but care must be taken to ensure no loss of solutions re-
sults. The companion equations are then taken to be constraints on the
reparametrised Lagrangian. Just as when we integrated invariant ordi-
nary differential equations using this exact same mechanism in Chapter
7, we will not need to solve the companion equations in order to solve the
resulting Euler Lagrange system, nor will we need to know even what
they look like in the original variables; it is enough to show that the
resulting solution set has the same dimension solution space as the orig-
inal Euler Lagrange system. If companion equations are not used, the
Lagrangian will be invariant under a pseudogroup of coordinate changes
and then by Noether’s Second Theorem, the Euler Lagrange equations
will not be independent but will satisfy a differential relation.
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Example 8.3.8 We consider another old friend, the SL(2) action under
which the Chazy equation, Equation (7.16), is invariant. Recall this
action on (z,u(x)) is given by

- ar+b ~ 2
— =17 = —bc=1. 2
T= u=6¢(cx +d) + (cx + d)“u, ad — be (8.26)

Set x = x(t), u = u(t), and introduce the dummy variable T so that

D,=—, D= %, and [827’ %} =0. (8.27)

Taking the normalisation equations to be

=0, u=0, up =1
we obtain generating t-derivative invariants,

k=111 = t(uw), n=1I{ = ).

T-derivative invariants,

I3 = u(zr), I3 = (ur)
and syzygies

D, KoY _ D? — %nJrnDt + Ky % 13 -
n nk + Dy D —k 13

Suppose we have a Lagrangian that is invariant under the action in Equa-
tion (8.26). Taking n = 1 for the companion equation (a choice that
needs to be vindicated in the example at hand; particular Lagrangians

may need a different choice), we reparametrise and apply the Replace-
ment Theorem 5.4.9, and obtain a variational problem of the form

Ll = / (k.. .) — (£ — 1)) i

where we have already used the equation n = 1 in the arguments of L,
and where A(t) is the Lagrange multiplier function. We now follow the
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calculation above to obtain

a%c[ﬁ,n] - %/[L(fi,mt,...)—)\(t)(n—l)] at

/[E”(L)Dm — AD,n] dt + B.T.’s

/ [EF(L) (D5 — & + kDy — k) I3 + 115)

AN [(5+ D) IY + (Dy — k) IE] dt + B.T.s

/ [(Df = 5 — wD¢) E"(L) + (\e — 6X)] I3
+ [3E%(L) + kA + A¢] I3 dt + more B.T.’s

where we have already set n = 1 in the syzygy operator; it makes no
difference to the final result to do this at this stage. Since I3 and I3
are the independent variations, the Fuler Lagrange equations are the
coefficients of 13 and I3 in the final integrand. The two equations can
be solved for A and \¢ and the equation for \¢ can be written as

DIE"(L) — Dy (kE"(L)) + k¢ E"(L) + 2\ = 0.

We now note that OL/0t = 0 since when a Lagrangian is reparametrised,
the new independent variable never appears explicitly. Thus by the fi-
nal result of Exercise 8.2.8, Equation 8.17, the term ki E"(L) is a total
deriwative. Thus we can integrate this last equation in order to elimi-
nate the derivative on X\; the constant of integration is absorbed into \
as an artefact; see Remark 8.1.9. In this way, two equations for \ are
obtained, so A can be eliminated, and we obtain the invariantised Euler
Lagrange equation to be

m—1
d* oL
(D?*fizfé) EK(L)75L+H (71)]6 <@W) K,mfk:()
m=1 k=0 m

where

dm

Rm — dt—mfi.

Once k(t) is known, the methods of §7.4.2 can be used to obtain the
extremals in terms of (x(t),u(t)).
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8.3.3 The case of constrained independent variables such as
arc length
It can happen that the independent variable is invariant but neverthe-
less is not a free parameter. This is the case for Euclidean arc length.
These kinds of problems can also treated by reparametrisation, and the
inclusion of the appropriate constraint in the Lagrangian.

The prototypical examples are Lagrangians for curves (z,u(z)) in the
plane which are invariant under the Euclidean group SE(2). We have
that 3 = s but that s is constrained, in the sense that s satisfies 2% +u? =
1. Variational problems with this Euclidean symmetry take the form,

Llz,u] = /L(n,ns,...)ds.

Remark 8.3.9 We do not consider Lagrangians depending explicitly
on the parameter s. Any Lagrangian given initially in the (z,u, Uy, ... )
coordinates and rewritten in terms of k and ds will not depend explicitly
on s. We note arc length is an integral, not a differential, invariant.

If we take the normalisation equations
z =0, u =0, Us =0
the generating invariants are
o=1I{ = tuss), n =17 = (xs).

The replacement rule gives x = (I)4 IT —I{, 1) /(IF)?, and the arc length
constraint becomes I = 1. Since in this case, DIy = IT; we have

k =11} =0 when I = 1.

Introducing the dummy independent variable 7 we obtain two new gen-
erating invariants,

I3 = u(u,), I3 = u(z;)

n(1) - n(B) e

2
D2 - E,Z)s - (E) _QHZS + & + 2ED5
" oo . (829
K
_ D,

and syzygies

where
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We consider the constrained Lagrangian,

£:/[L(n,lis,...)—/\(s)(n—l)] ds.

Setting
dm
asm'

the calculation of the invariant Euler Lagrange system is as follows:
oL d™ 0 0
DL = E ——— — Kk —A(8)=—
/ Ok, ds™ ar" () ar'

S@T

Rm —

I
\
=
2
=
|
=
\
=
|
3
+
us}
H
wn

/E” (D2 — k%) I} + (ks + 26Dy 15 ]

—\(s) [kl + D2I5]+ B.T.s

/ (D2 — K*)E"(L) + kA] I3
+ [ksE"(L) — 2(kE"(L))s + As] IS + more B.T.’s,

where we have already set 7 = 1 in the operator H; it makes no difference
to the end result to do so at this stage. Thus the Euler Lagrange system
is, in addition to n = 1,

0 = (D?—kK*E"(L)+ kA,
(8.30)
0 = ksE"(L)—2[KE"(L)], + Xs.

Since L does not depend explicitly on s, by Equation 8.17 in Exercise
8.2.8, ksE"(L) is a total derivative (setting x for u and s for z; the
proof is unaffected by the constraint on s). Hence we can integrate
the second equation, absorb the constant of integration into A as in
the non invariantised case, and then eliminate \; see Exercise 8.1.7 and
Remark 8.1.9. In this way we obtain the differential equation for s that
is equivalent to the Euler Lagrange equation with respect to u. The
result after collecting terms is

(D? + k) E"(L) L+Zmzl (48 0L —0
s TR = ds* Ok, Fom—k | =

(8.31)
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Once k(s) is known, the methods of Chapter 7 can be used to obtain

the extremal curves in (z,u) space.

Exercise 8.3.10 Verify the following using both the formula (8.81) and
directly; the use of computer algebra is strongly recommended for the

latter.
Lagrangian — Euler Lagrange equation
k2 ds Qkss + K5 =0
Iii ds —Dhisess — 22 Kas + /mi =0
K2, ds 26 + 2k4K% — 2Kk gkz + kK2, = 0.

where Ky, is the mth derivative of k with respect to s.

Exercise 8.3.11 If Lds = k.k*ds, show both E*(L) and E“(L) are
identically zero. Ezplain.

8.3.4 The “mumbo jumbo”-free rigid body

I've always been struck by the high level of jargon and the strange,
awkward and mystifying definitions, constructions and calculations that
surround the mathematical treatment of a rigid body. Here we show
how the three steps used above, namely, calculate the variation, apply
a syzygy, and integrate by parts, make calculating the Euler Lagrange
equations for a rigid body both straightforward and painless.

It is always important, when studying a physical problem, to divide
the physics from the mathematics. The assumptions about the model,
and the derivation of the Lagrangian for the model, are physics. The
rest is mathematics. Suppose the rigid body is composed of particles of
mass m, located at x,(t). The physics of any body made up of such
particles not subject to any forces, is that the Lagrangian is given by

Ldt=> ima (ke Xa) ,dt (8.32)

where x = dx/dt and (x,x) is the standard inner product. Implicit in
this Lagrangian is that the equations of motion will be invariant under
translation in time and space, because those actions leave the Lagrangian
invariant. The calculations that follow are greatly simplified if the origin
of space time is set to be such that

> maxa(0) =0. (8.33)
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This can be achieved by the constant translation,

Xo(t) = Xo(t) — Zina > maxa(0).

Remark 8.3.12 If the body is viewed as continuous, the sum in Equation

(8.32) can be replaced by an integral over the volume of the body, with m,
replaced by p(x)dx, where p(x) is the density at x, but as this make no
essential difference to what follows we consider the simpler finite sum.

If we take the dependent variables in L dt to be the components of the
X, then the Euler Lagrange equations give simply that %X, = 0. But
these are not the equations for a rigid body! For a rigid body, and this
defines “rigid body”, we have

X (t) = g(t)x;(0) + a(¢) (8.34)

where g(t) is a path in SO(3) and a(t) a path in R*, and both g(t) and
a(t) are the same for all particles. The Euler Lagrange equations for a
rigid body are those obtained by considering the parameters of g and a
to be the dependent variables in the Lagrangian.

We now note that the inner product (x,x) can be written, considering
x to be a column vector, as

(x,x) = x"'x = trace (XXT) .

The right hand form is the most convenient for the mathematics. Using
it, the Lagrangian is written as

Ldt = Z Imgtrace (xox2) dt. (8.35)

[e3

Setting Equation (8.34) into (8.35), we obtain

L = trace <g(t) [Z maxa(O)xa(o)T] g'(t)T> + <a('t),a('t)>
where we have used Equation (8.33) to eliminate two terms. Denote by

M= Z MaXa(0)%x4(0)T

the 3 x 3 matrix appearing in the Lagrangian; we have both MT = M
and dM/dt = 0. This is not quite the classical “inertia tensor” but it is
the matrix that appears naturally so we stick with it.

The only time dependent variables now appearing in the Lagrangian
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are the parameters appearing in g and a, and these are the dependent
variables of the dynamical problem.

The Euler Lagrange system for the the vector a(t) is trivially seen to
be & = 0, so a(t) = ta; + ag where a, are constant vectors. The more
interesting task is to obtain the Euler Lagrange system for g(¢). We first
note that trace(A) = trace(B~'AB) and hence setting A = g~ '¢ and
noting that for g € SO(3) we have g7 = ¢~ and hence AT = — A, we
obtain

EM:f/ﬁmdAMMdt (8.36)

We now have a Lagrangian that is invariant for the action of G = SO(3)
on itself given by left multiplication, since for the constant element
h € G, we have g~'g = (hg)~'d(hg)/dt. The components of A are
the differential invariants of the group action. We now seek the Euler
Lagrange system directly in terms of these invariants.

Let € be the dummy variable used to calculate the variation. Setting
B = g 'g., we have that

o, 0
S A= B+ [AB)

where the last summand is the standard matrix Lie bracket. This gives
us the syzygy we need to employ the methods developed above. We then
have,

gﬁ = —/trace <2AMA+AM2A)
Oe Oe

Oe

9 s 0 2
—/trace (B [—MEA—FMA — &AM - A M]) dt
+B.T.’s

where we have used trace(AB) = trace(BA) for any square matrices A

and B and
trace 0AY\ _ Otrace(A)
o) ot
A simple calculation shows that:

Lemma 8.3.13 If B and X are 3 x 3 matrices, and trace(BX) =0 for
all skew symmetric matrices B, then X is symmetric, X* = X.
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Applying the Lemma and noting M7 = M and A" = — A, we conclude
that

9 20 20 —
Mo At MA? = — AM = A2M =0

is the desired Euler Lagrange system for A. We can simplify the equation
by noting that since M is symmetric, we can write it in the form

M 00
M=UTAU, A=| 0 X 0 |, U e SO(3)
0 0 A3

where U is the matrix whose columns are the orthonormal eigenvectors

of M. Setting A = UT AU we have then
—AQA +AA% — QAA ~A2A=0 (8.37)
ot ot e '

Finally we note that since A is skew symmetric, we have

0 K3 -K»
A: —K3 0 K1
Ky, —-K; 0

and we can write the Euler Lagrange equations in terms of the K; and
the eigenvalues \; by considering the components of Equation (8.37).
To obtain the classical free rigid body equations, however, we need to
convert from M to the classical inertia tensor J; the relationship of J

to M is

1 0 0
J =X 0 1 0 *M, X:Zma <Xa(0)7xa(0)>'
0 0 1

Thus, J and M are both diagonalised by the same matrix U and the
eigenvalues of 7, usually denoted as I, I and I3, are related to the )\;
by

Ij:)(fAj, X:)\1+>\2+A3.

Thus (K7, K2, K3) is indeed what is known as “the angular velocity of
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the body” and the equations we obtain are the classical ones,

dK;, I—1I,

kel KoK,
dt I, 2
dK, I — Iy

22 o KK
dt L, 03
dK; I — 1,

=3 KK
dt L,

Once A has been obtained, the rotational motion of the body, given
by g(t), is obtained by integrating g~ '¢ = A, that is,

g=Ag

for g. Integration methods that guarantee the numerical solution ¢ is
an element of SO(3) are available, see (Celledoni, et al, 2008).

It is clear that aspects of the method above apply to Lagrangians that
are functions of g~ 'g; for any Lie group; we leave the investigation of
these as an open problem.

8.4 Moving Frames and Noether’s Theorem, the main course

In §8.2.1, we saw that the first integrals of a particular Lagrangian in-
variant under a Euclidean group, as obtained using Noether’s Theorem,
could be written using the inverse of a matrix representation of a frame,
and a vector of invariants. In this section, we give a general formula for
the vector of invariants and prove that the particular matrix represen-
tation is always the Adjoint representation, discussed in §4.3.

The Theorem is important because it reveals the structure of the first
integrals, in terms of how the surfaces that correspond to them are
arranged into equivalence classes under the group action.

Theorem 8.4.1 Suppose we have a frame p for the action GX M — M,
where M = JN((x,u®)) and x is invariant, such that the generating
mvariants are kK¢, one for each dependent variablef. Let the invariant

Lagrangian | L(k®, k%, ...)dz be given. Introduce the dummy variable

t to effect the variation, and suppose that
a (7 (0% d (0% (6%
o Ldt= > EY(L)IS dx + = ZJIQJC’J , (8.38)

1 This requirement will be relaxed later.
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for some expressions C§ in the invariants, is obtained after integration
by parts; here I3 = v(uy), J is an index with respect to the x variable
only, Iy = t(uyy). Note that Equation (8.38) defines the vector C* =
(CS). Let (ay,az,...a,) be coordinates of G about the identity e and
let vi, i = 1,...,7 be the corresponding infinitesimal vector fields. Let
Ad be the Adjoint representation of G with respect to these vector fields.
Denote the matrices of infinitesimals, one for each dependent variable,
as

«
Uy

0

(03
a:a, B gu
Q J aaje 7

and set Q(I) = p-Q° to be the component wise invariantisation of Q.
Then the r first integrals obtained via Noether’s theorem can be written
in vector form as

Ad(p)™' Y _0ect =c.

«

Proof The key idea is to conflate the dummy variable ¢ with a group
parameter a;, say. The first implication is that since the Lagrangian is
invariant, the right hand side of Equation (8.38) is identically zero; this
follows from differentiating both sides of g - L dz = L dx with respect to
a;. Thus on solutions of the Euler Lagrange equations E“(L) = 0, we
have that

¢ =y I55C§ (8.39)
a,J

where ¢; is a constant. The remainder of the proof consists in expressing
the I5'; in terms of the infinitesimals relevant to the group parameter a;.

We first consider the case of a single dependent variable, and show
how to generalise to more than one u® at the end of the proof.

. . 0 0 .
First note that applying Ad(g) to Fri ; utK% at g = p yields

(i, ay, . . -))T (8.40)

(I2 iz ) = (ur uar )<W

frame’

Second, since t is identified with a group parameter a;, the derivative
term uyk is identified with the infinitesimal ¢; x (taking ¢ = 0), so that
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(ug gy -+ ) is the ith row in the matrix of (uninvariantised) infinitesi-
mals for u, which is Q(z), where z = (u, uy, ... ). Thus, Equation (8.40)
can be written as

(8.41)

frame’

(Ia [z -+ ) = Qi(2) (g—j)T

where §; is the ith row of . Next we use Equation (4.46), which
is the matrix form of what is essentially the definition of the Adjoint
representation Ad, and which we repeat here for convenience;

93\ T
Ad(g)Q(z) = Q) (a_j) . (8.42)
Rearranging Equation (8.42) and setting g to be the frame p yields

oo (5

Thus for t = a; we have

(I Liz---) = (Ad(p)~'Q(])), -

— Ad(p)~' QD).

Inserting this last into Equation (8.39) and writing ¢ = (¢1 ¢z ... ¢.)"
yields

c = Ad(p)~tQI)C.
If there is more than one dependent variable, so that u = (u', u?, ..., u9),

the proof above goes through setting €2 to be the concatenated matrix
Q= (Ql 0% ... Qq),

C to be the concatenated vector,

Cl
CQ
C= :
ca
and z to be (2!, 2%,...,29) where 2% = (u®,uZ,...). O

Example 8.4.2 For the action of SL(2) on (z,u(z)) given by

~ . au+b
T=ux u=—-",
cu+d

ad —bc=1

3
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with normalisation equations U = Uzy = 0, uy = 1, the generating in-
variant is L(Uzey) = {u; x}, the Schwarzian derivative. For Lagrangians

of the form | L(o,04,...)dx where o = {u;x}, the result is

82
—FE7(L E°(L
a2 Cae 2 22 (a)JFU (L)
c=| —2ab ad+bc 2cd —2—FE°(L)
- bd & Oz
frame
- 27 (L)
Ad(g)—*
(8.43)
where recall the frame is
1 xTxr
a= b:—L c:ui ad —bc=1.

T Vg 2(uy)3/2’

The first row yields the first integral with respect to the translation pa-
rameter b, the second yields that with respect to the scaling parameter
a and the third is with respect to the projective parameter c. Thus, the
precise form of the Adjoint representation in (8.43) is with respect to the
basis vy, Vq, Ve in that order and hence this is the order that needs to be
taken in calculating the rows of the invariantised infinitesimal matriz.
The details of the calculation for the vector of invariants, as given by
Theorem 8.4.1 for the Lagrangian L(o,0,,04.)dx, are as follows. The
imvariantised infinitesimal matriz needed is

b /1 0 0 0 0
Q)=a|0 2 0 20 20,
c\0 0 =2 0 —8o0

With

Ly=uug- -z )
—

|J| terms

the boundary terms coming from the integration by parts process after
performing the variational derivative on the Lagrangian is,

B.T.s = IQJCJ
J



260 Variational Problems with Symmetry

where
d2
d L d OL L
I ——F°(L) — - — -
12 dx ( ) (80'1 dx aamx) 7 aJII Ta
oL
=1 E°(L)—4
C 112 (L) aamg ,

7 OL _i oL
1z 0oy T 004y
7 oL
11112 9.

and all other Cj being zero. It can be seen that QU(I)C yields the vector
of invariants above.

The next Exercise is the analogue of Exercise 8.2.11 for the above
Example.

Exercise 8.4.3 Consider Equation (8.43) as three equations for u, u,
and Uy, by considering o to be known once the Euler Lagrange equation
1s solved. Show that there is an equation relating the c; to a first integral
of the Fuler Lagrange equation. Indeed, if the vector of invariants is
written as (I, Is, I3)", show that

4015 + I2 = 4cies + 3.

Show that to obtain u, it is necessary to integrate only a first order Ricatti
equation where the only non constant coefficient can be incorporated into
the independent variable, specifically,

Isu, = —ciu? + cou + c5.

Exercise 8.4.4 Consider the one parameter group action,

[ )2 cosha sinha T

y /  \ sinha cosha Y
in the plane. Show that the infinitesimal vector field is v = y0, +x0, and
that the adjoint action Ad(a)(v) = v for all a. Conclude that the first

integral of the Fuler Lagrange equations of any Lagrangian for curves
(x(t),y(t)) in the plane,

/L(t,x,y,jc,y',...)dt
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invariant under this action is itself invariant. Verify the result on an
example.

More examples appear in (Gongalves and Mansfield, 2009). It is not
hard to see how to generalise Theorem 8.4.1. If there is more than one
generating invariant per dependent variable, then any syzygies between
them need to incorporated into the Lagrangian as constraints, each with
its own Lagrange multiplier. Similarly, if there is an arc length con-
straint, or a companion equation is used following reparametrisation,
then these need to be incorporated in the same way. The Lagrange mul-
tipliers will appear in C and need to be eliminated using (first integrals
of) the Euler Lagrange equations.

Finally, we note that we do not give a formula for the boundary terms
appearing in Equation (8.38) in terms of the generating invariants, leav-
ing this part to be achieved by symbolic computation. Converting the
methods given here to code that can take as input, Lagrangians that are
polynomial (say) in their arguments is straightforward, once the sym-
bolic differentiation formulae have been coded.
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